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REASON FOR THE BOOK 

The solution of problems diflScult or impossible 
to solve by arithmetic is one of the chief aims of 
algebra. Hence Professor Kent has chosen as 
the central idea for his book the earliest possible 
introduction of the equation and its almost im- 
mediate application to the solution of such 
problems. 

New terms and principles are skillfully intro- 
duced as soon as they are needed to further the 
development of the equation, but no terms are 
defined or introduced until the pupil is ready to 
use them. 

ARRANGEMENT OF THE SUBJECT MATTER 

The order of topics is such as to give the pupil 
at the earliest possible moment preparation for 
working practical problems of genuine interest 
because of their bearing on everyday life. Thus 
little time is wasted qn work which has even the 
doubtful value f ormeriy accorded to the type of 
problem known as "mental gymnastics." 

CORRELATION WITH OTHER BRANCHES 

The vital connection between arithmetic, 
algebra and geometry is clearly demonstrated. 
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CORRELATION WITH OTHER BRAVCBSS— Continued, 

The processes of algebra are deduced from arith- 
metic by steps plainly indicated and easily 
followed and the facts of geometry are the basis 
for many of the problems of algebra. 

AMPLE WRITTEN AND ORAL DRILL EXER- 
CISES 

The exercises in purely manipulative work, 
given only where necessary to explain and fix a 
principle, are confined to the simplest instances, 
only sufficiently complex to show the real nature 
of the- process. 

Oral exercises are given when their presence 
is of distinct value in developing the problem at 
hand, or when desirable for review. 

KIND OF PROBLEMS USED 

Antiquated and stereotyped problems of 
another class have been eliminated, and bright, 
timely and interesting problems substituted. 

The problems given here stimulate the pupil 
to active interest by impressing him as being well 
worth while. They deal with practical subjects 
seen in school or at home, or with* trades or 
professions likely to be followed by the average 
boy or girl upon leaving school. 

REVIEW EXERCISES 

At the close of each chapter there are ample 
review exercises, calculated to fix firmly in the 
mind of the student the principles mastered in 
the body of the chapter. 
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THE NOTATION USED 

The symbols for notation familiarize the stu- 
dent with the application of algebra to other 
subjects. A varying system of notation is used 
for the purpose of stimulating the pupil to recog- 
nize and solve as readily an equation in another 
lettering as in x and y. 
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For the student planning to attend college 
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PREFACE 



Two ends have been kept in view in the preparation of 
A First Course in Algebra. First, to give the student 
who will take no more algebra a good general working 
knowledge of the subject sufficient for any elementary 
course in science, industrial life, business, etc.; second, 
to furnish a thorough foundation for the more advanced 
courses of those w^ho are to continue their studies in the 
university. 

That one of the chief aims of algebra is the solution of 
problems which are either difficult or impossible to solve 
by arithmetic, and that the equation is the means used in 
obtaining such solutions, are prominent features of this 
text. In fact, the equation is made the central idea of 
the course. The order of topics is such as to employ a 
principle as soon as it is mastered in the solution of equations. 
Care has been exercised, however, not to break entirely 
with conventional usage nor to carry the central idea to 
an extreme by sacrificing too much in order to reach some 
new type of equation. 

To subordinate mere manipulation of algebraic symbols 
and processes to the more important task of solving equa- 
tions and working problems; to produce a text that will 
be concise and yet require much activity on the part of the 
student; to give the application of each principle to the 
solution of problems immediately after its explanation; 

ill 
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and, finally, to stimulate the student's interest in the 
subject of algebra by stressing its utility when applied 
to the solution of the practical problems of science and 
everyday life, — have been some of the aims and hopes of 
the author. 

F. C. K. 



SUGGESTIONS TO TEACHERS 



(1) Insist upon the thorough memorizing of all black- 
faced formulas, designated by Roman numerals. These 
are numbered consecutively from I to XXXI, and express 
in a concise and intelligible form the fundamental theorems 
of the subject (e.g., VIII, p. 97). 

(2) All expressions in italics should be studied thoroughly 
but not memorized. 

(3) Insist upon the checking of results. It often hap- 
pens that a student will learn fully as much by the checking 
of a result as by the working of the problem itself. Per- 
sistent attention to this matter will reduce materially the 
inaccuracy so often manifest in the work of high school 
students. Methods of checking are explained and illus- 
trated in connection with each operation. 

(4) At least one written problem should be given every 
day. In working problems before the class, students should 
be required to write and explain at the same time. 

(5) Require students to keep the solution of every 
problem in a note book. (Problem, as here used, means 
a statement capable of being expressed as an equation 
whose solution is desired.) 

(6) Wherever it is desired to have a simple treatment 
of algebraic fractions early in the course. Chapter IX, 
which deals with fractions, may be taken up before 
Chapter VII. 
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CHAPTER I 
INTRODUCTION 

1. Arithmetic deals with numbers, and it is here assumed 
that the student is already acquainted with two kinds of 
numbers: integers, as 1, 2, 3, 4, and fractions, as i, f, .5, 
etc. In algebra the student will not only increase his 
knowledge of these numbers, but will also become acquainted 
with other kinds of numbers unknown to arithmetic. Thus 
algebra may be considered as a continuation of arithmetic. 

2. Number S3rmbols. Numbers in algebra are repre- 
sented by the Hindu symbols, 1, 2, 3, etc., that are used 
in arithmetic; also by letters, as a, 6, c, x, y, z, 

3. S3rmbols of Operation are the same in algebra as in 
arithmetic. Thus, the signs +, — , X, and -5- denote 
addition, subtraction, multiplication, and division, respect- 
ively. 

Besides the foregoing, algebra has certain symbols of 
operation of its own. The dot • when written between 
two numbers and above the line, signifies their product. 
Thus a- 6 means means a X 6 and is read a times 6. 

A product is also indicated by writing together consecu- 
tively letters, or letters and numerals with no sign between 
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them. For example, 3 ab means 3 times a times 6, abc 
means the product of a, &, and c, or a X b X c. 

4. Summary. We have learned that (1) letters stand 
for numbers; (2) a dot • is a symbol for multiplication, 
the same as the X; (3) the absence of a symbol between 
two letters means that the letters are to be multiplied. 
Thus aXb = a'b = ab. 

EXERCISE 

6. If Xy y^ and z are three numbers, express in words the meaning 
of the following: 

1. 2x; 42/; 5z, 

2. X -\-y -\-z; X -\-y — z] X -y - z. 
Z. ^ ' X ' y ' Z) AiXy — byz. 

Suppose X = 5, 2/ = 4, and z = 1 in the following: 

4. What number does x -\- y -\- z represent? 

5. What number does x — y -\- z represent? 

6. What number does 2x+4!/— 52 represent? 

In the following assume that x, y, and z have the same values as 
stated above and that a == 10, 6 = 2, and c = 3. What number 
is represented by each of the expressigns: 

7. a +6? 11. ^^^^ 

X — c 

a —h a -\-h 

.« 4afe +2ac - 3 6c^ 
9. ixyz -h o abc? 13. 



2xy ' 3ab 

cy_ 2a + 
X - y *" a; - 2/ 2 X + 2 2 c 



10. -i^? 14. ^^ +1^^ - ^^r^? 
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16. If I stands for interest, p for principal, r for rate, and t for 
time, express in words the meaning of the following: 

. _ prt 
* " 100* 

16. With the same meaning for the letters as in Example 15, 
what is the meaning of the following expression: 

Pt 

17. In Example 15, suppose p = 1000, r = 4, and t = 3, what 
is the value of i? 

18. In Example 16, suppose i = 50, p = 500, and t = 2, what 
is the value of r? 

19. The sum oif two numbers is s and one of the numbers is 5. 
What is the other number? 

20. One number is five times another. Using n to represent 
the smaller number, what expression represents their sum? Their 
difference? 

21. A man walked for 6 hours at the rate of x miles an hour. 
How far did he walk? 

22. A boy ran x rods in 10 seconds. How many rods did he 
run in one second? 

23. The length of a rectangle is twice its width. Representing 
its width as x feet, what is the perimeter (distance around) of the 
rectangle? 

24. The width of a rectangular lot is J its length. Represent 
its length by 3 x rods; then what will be the distance around the 
lot? 

26. A horse cost three times as much as a cow and the cow 
cost twice as much as a sheep, which cost c dollars. What did 
the horse cost? 

26. The first of three consecutive numbers * is n. What are 
the other two nimibers? 

* Consecutive numbers are such as 3, 4, 5, or 10, 11, 12. 
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27. Out of an annual income of S2000 a man saved x dollars 
the first year, twice that amount the second year, and four times 
as much the third year as for the second. How much did he save 
the third year? 

28. A railway train after running x miles an hour for three* hours 
increased its speed by 5 miles an hour for the remaining four hours 

•of its trip. What was the length of the whole trip? 

29. The circumference of a circle is 2 icx feet. What is its 
radius? (Circumference = 2 ic times radius.) 

80. The radius of a circle is y feet. What is the circumference? 

6. One of the Aims of Algebra is the solution of problems. 
Many problems whose solution is impossible or very difficult 
by arithmetic are easily solved by algebra. 

7. Axioms. Every step taken in the solution of a 
problem depends on one or more elementary statements 
agreed to by universal consent and called axioms or assump- 
tions. These are: 

1. If equals be added to equals, the sums will be equal. 
*2. If equals be taken from equals the differences will 
be equal. 

3. If equals be multiplied by equals the products will 
be equal. 

4. If equals be divided by equals, the quotients will 
be equal. 

5. Things equal to the same thing are equal to each 
other. 

8. niustrative Solutions of Problems. 

Problem 1. The sum of two numbers is 40, and the greater is 
four times the smaller. What are the numbers? 

Observe that two conditions are stated in this problem. First, 
that the sum of the two numbers is 40; second, that the greater 
number is four times the smaller. 
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Solution in Words 

One of the numbers is the smaller number. 

Four times that number equals the greater number. (2d 
condition.) 

Five times that number equals the sum of both numbers. 

Forty equals the sum of both numbers. (1st condition.) 

Therefore, five times that number equals forty. (Axiom 5: 
Things equal to same thing . . .) 

Then, the smaller number equals 8, i of 40; 

and the greater number equals thirty-two, four times 

eight. 



Abbreviated or Algebraic Solution 

Let s — the smaller number; 

then 4 s = the greater number, (2d condition) 

and 5 s = the sum of both numbers, since « + 4 s = 5 s. 

But, 40 = the sum of both numbers. (1st condition.) 

Therefore, 5 « =40. (Axiom 5.) 

Then, s =8, dividing both sides of last equation by 5; 

(Axiom 4: Equals divided by equals . . . .) 

and 4 « =32, multiplying both sides of preceding equation 

by 4. (Axiom 3: Equals multipUed by 
equals . . . ) 

Therefore the smaller number is 8 and the greater number is 32. 

Check, 32 + 8 = 40, 1st condition; 

and 32 = 4 X 8, 2d condition. 

It is very important to test answers to see if they satisfy every 
condition stated in the problem. 
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Problem 2. The perimeter of a rectangular lot is 240 ft. and 
the length of the lot is three times its 
width. Find its dimensions. 

The conditions stated in this prob- 
lem are: 

1st, The perimeter equals 240 ft. 
2d, The length equals three times the width. 



Algebraic Solution 

Let w = number of ft. in the width; 

then 3 w; « number of ft. in the length, (2d condition) 

and 8 u; - number of ft. in the perimeter, since 

w +Sw +w +3w ^ 8w, 

But 240 = number of ft. in the perimeter. (1st condition.) 

Therefore, 8w ^ 240. (Axiom 5.) 

Then w «30, dividing both sides of the preceding equation 

by 8, (Axiom 4) 

and 3 w; = 90, multiplying both sides of the preceding equa- 

tion by 3. (Axiom 3.) 

Hence the dimensions of the lot are, width 30 ft., length 90 ft. 

Check. 30 + 90 -f 30 -f 90 = 240, 1st condition; 

and 90 = 3 X 30, 2d condition. 

Problem 3. What sum of money (principal) placed at interest 
for two years at 5% will amount to $220, simple interest? 

Let p represent the principal and i the interest, 

then i = .10 pi using the formula i = — ) • (1st condition). 

\ 100/ 
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and p + .10 p = 220 (since from the 2d condition t + p = 220). 
CoUecting, 1.10 p =220. 

Therefore, p = 200 (dividing both sides by 1.10). 

The required sum, therefore, is $200. 

PROBLEMS 

9. Solve each of the following problems in a manner similar to 
the foregoing and check results: 

1. A man sold a horse and buggy for $300, receiving twice 
as much for the horse as for the buggy. How much did he receive 
for each? , 

2. The greater of two numbers is 9 times the less, and their 
sum is 70. What are the numbers? 

8. A number increased by three times itself, four times itself, 
and five times itself, becomes 65. What is the number? 

4. A, B, and C engage in business with a combined capital 
of $30,000. If A furnishes twice as much capital as B, and C 
three times as much as B, how much capital does each furnish? 

5. There are 72 men, women and children in a room. The 
number of men is twice the number of women, and the number 
of children is twice the number of men and women together. 
How many children aire there in the room? 

6. A hne 72 inches in length is divided into three parts so 

that the longest part is three . . . . 

times the length of the shortest 

and the second part is twice 

the length of the shortest. Find the length of each part. 

7. Divide $80 among three boys so that the first shall have 
three times as much as each of the other two. 

8. A school containing 630 pupils was classified according to 
ages. It was found that there were three times as many pupils 
between the ages of 12 and 16 as there were between the ages 
of 16 and 18; and twice as many between the ages of 16 and 18 
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as between the ages of 18 and 20. How many pupils belonged 
to each group? 

9. It is proved in geometry that the sum of the three angles 
of a triangle is 180**. In triangle ABCj 
angle C is three times angle A ; and angle 
B is twice as large as angle A, How many 
degrees are there in each angle? 

10. A farmer raised 3000 bushels of 
wheat, com, and oats. The number of 
bushels of wheat was three times the 
number of bushels of com, and the num- 
ber of bushels of oats was four times the 
number of bushels of com. How many 
bushels of each kind of grain did he pro- 
duce? 

11. The population of the United States, 
in 1912, is in round numbers 105,000,000. Grouped according to 
chief occupations, it is found that the number belonging to the 
largest group, agriculture, is four times the number belonging to the 
mining group; twice the number belonging to the manufacturing 
group; and six times the number belonging to all the other groups 
combined. What is the population of the agricultural group? 

12. The population of New York City is five, times that of 
St. Louis and twice that of Chicago. The combined population 
of all three cities is 7,650,000. Find the population of each city. 
(Suggestion: Let 2 x = population of St. Louis; then 10 x = ?). . 

13. A rectangle is four times as long as it is wide and the 
distance around it is 200 rods. Find its 
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dimensions. 

14. The sum of the three sides of 
triangle ABC is 40 inches. If side BC 
is twice as long as side AC, and side 
AB is also twice as long as the side AC, how long is each side? 

16. A man has 240 feet of wire fence with which he wishes 
to enclose a piece of ground, rectangular in shape with length 
twice the width. What will be the width of the largest piece 
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of ground that he can enclose with his fence under these 
conditions? 

16. What sum of monejr placed at interest, at 7% simple interest, 
will amount to $363 in three years? 

17. The regulation foot-ball field is 140 feet longer than it is 
wide, and the sum of its length and width is 460 feet. What are 
its dimensions? 

18. A newsboy sold a certain number of papers on Monday 
and on each succeeding day of the week increased his sales twofold. 
If the total sales from Monday to Saturday were 6300 papers, 
how many did he sell on Saturday? 

19. The perimeter of a rectangle formed by placing three equal 
squares in a row is 64 inches. What is the side of one of these 
squares? 

20. A and B are 100 miles apart and travel toward each other 
until they meet, when it is found that A's rate of travelling has 
been twice that of B; also that A has been twice as long on the 
trip as B, having started first. How many of the 100 miles did 
each cover? 

10. A Term in Algebra is a single group of number 
symbols whose parts are not separated by a sign + or — ; 
as, 2 abcj which means the product of 2 times a times 6 
times c. 

11. Factors. If two or more numbers are multiplied 
together, each of the numbers is called a factor; the result 
is called a product. Thus, in 2 a6c, each of the numbers 
2, a, 6, and c is a factor, and 2 abc is a product. It should 
be observed that 2 abc is also a number. 

12. CoefSicient. Any factor of a term is a coefficient 
of that term. Coefficients may be numerical or literal. 
Thus, in the term 2afec, 2 is the numerical coefficient of 
abc; 2 a is the coefficient of 6c, and 2 ab is the coefficient 
of c. 
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13. A Power is a product obtained by multiplying a 
factor by itself one or more times. A factor thus used 
is called a bcise. Thus, 8 is the third power of base 2; 
9 is the second power of base 3. 

14. An Exponent, when integral, is a number which 
shows how many times a base is to be multiplied by itself. 
It is written just above and to the right of the base. Thus 
in the term i/^, y is the base and the exponent is 3. It 
shows that t/ is to be multiplied by itself three times and 
means the same qb y ' y * y or y times y times y. Like 
the coefficient, the exponent may be either numerical or 
literal. In the term 2 a*, x is the exponent of a, and 
means that a is to be used as a factor x times, and that 
the product thus obtained is then to be multipUed by 2. 
When no exponent is expressed an exponent (1) is under- 
stood; as in 3 a;, which means the same as 3 a;^. 

16. An Algebraic Expression is a group of terms con- 
nected by + and — signs. An expression consisting of 
two or more terms is called a polyriomiaL But a polynomial 
consisting of two terms is often called a hinomial, and a 
polynomial of three terms is also called a trinomial. Thus 
a: + 2/ is a binomial; x + y + Zj a trinomial; while both 
the foregoing and expressions consisting of more than 
three terms are polynomials. 

EXERCISE 
16. Find the value of: 

1. 3 x^, if X = 2; if a; = 3; if x = 5. 

2. 5 x*y^, if X « 3 and 2/ = 2; if X = 2 and 2/ = 3. 

3. x» -f 2/S if a: = 3 and 2/ = 2. 

4. > if X =2 and y = 3. 

X y 
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a' -I- h^ 
6. ^% if a = 3 and 6 = 2. 
a +0 

a* + h* 

6. Show that r- = a« - a6 + 6* is true if a = 3 and 6 =» 2. 

a + b 

a' + 6* a' 6* 

7. Show that — r= — TT + — TT is true if a = 3 and 6=2. 

a i-b a +b a -\-b 

8. * Show that — +— 7«^ — — r when a = 3 and 6=2. 

a b a + b 

Tr}' other values. 

9. a: = — • Find the value of x, if a =5 and 6=4. 

10. « = - a<*. Find the value of «, if o =32 and i = 5. 

2 

11. 5 = 2%RL + 2ici2«. Find the value of «, if ic = 3.1416, 
n = 10, and L = 12. 

12. Y = x/?2L. Find the value of Y using the same values for 
7, U^ and L as in Example 11. 

13. r-» if a = 3, 6 = 4, X =5, and y = 2. 

6 a*6i' • n^y 
^^' o^Ia~A~' using the same values of letters as in Example 

13. 

15. A body falling freely from a state of rest will pass through 

a space « ^—gf^mi seconds. The value of « then in Example 
z 

10 above is the space through which such a falling body passes 

in 5 seconds. Assuming the same value of g (32 ft.) find the 

space passed over by a body falling for three seconds. (< = 3.) 

16. Y = tB}L is the formula for finding the volume (F) of 
a cylinder. The value of Y in Example 12 is the volume of a 
cylinder whose length is 12 and whose base is a circle with radius 
10. Assuming the same value for ic as in Example 11, find 

* Sign T^ means "is not equal to." 
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the volume of a cylinder whose length is 20 feet and the diameter 
of whose base is 8 feet. 

17. What does x« - 5 x + 6 equal (a) if x = 2? (6) if x = 3? 
(c)ifx -4? 

18. What does 3 x« - 14 x - 5 equal, (a) if x = 5? (6) if 
X =6? 

Write out in words the meaning of the expressions in Examples 
19 and 20. 

19. (a) 5 6»; (« ^^-|^'; (c) 3-. 

20. (a) 3 6*c»; (6) i 6«c*; (c) 5«. 



CHAPTER II 

POSITIVE AND NEGATIVE NUMBERS 

17. Double Meaning of Numbers. In many practical 
affairs we must deal with numbers that have directly 
opposite meanings. 

For example, on the scale of a thermometer it will be observed 
that the temperature is read both ways, or in opposite directions 
from zero. The scale is read upward for temperatures 
above zero and downward for temperatures below zero. 
Hence the numbers on one side of zero of this scale are 
directly opposed in meaning to the numbers on the other 
side of zero. 

Similarly, in geography, latitude is reckoned north 
and south, that is, in opposite directions, from the earth's 
equator. Longitude is reckoned east and west from a 
given meridian. Hence, 30° north latitude is opposite 
in meaning to 30° south latitude; 10° west longitude to 
10° east longitude. 

Again, in business transactions a loss is regarded as P^^'' 
the opposite to a gain; a liability as the opposite to an 
asset. 



212* 
150* 
100* 
32* 



o 



It therefore becomes necessary for us to enlarge Fig.5 
upon our conception of the numbers of arithmetic 
which supposes all numbers to be of the same meaning or 
sense and include numbers of opposite meaning. 

18. Positive and Negative are terms used to denote num- 
bers of opposite meaning. It is immaterial which number 
is to be considered as positive or which negative. But 
it is very essential to note that, having designated a certain 

13 
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number as positive, a number having the opposite meaning 
must be considered as negative. 

Thus, if we designate the numbers above zero on the ther- 
mometer scale as positive, the numbers below zero must be regarded 
as negative. And, if we regard north latitude as being positive, 
then south latitude must be regarded as negative. 

19. Signs + and — , as already explained, are used in 
algebra and in arithmetic as symbols of operation to indicate 
addition and subtraction respectively. These signs are also 
used in algebra to indicate whether a niunber is to be con- 
sidered as positive or negative. If a number is negative, 
that fact is always indicated by placing a — sign before 
it. The sign + in like manner shows that the number 
before which it stands is positive. In practice, however, 
the + sign is omitted and all numbers not specifically 
marked with a — sign are to be considered as positive. 

ORAL EXERCISE 

20. 1. Regarding temperatures above zero as positive, what 
is meant by a temperature of — 80°? 

2. Considering north latitude as positive, what is meant by 
a latitude of - 20°? 

3. Dates after the birth of Christ are taken as being positive. 
What does the date - 776 mean? 

4. Two ships are in the same longitude and one is in latitude 
+ 10°, the other in latitude — 15°. In what direction is the 
second from the first? 

6. Longitude is usually reckoned east and west from the meridian 
of Greenwich. Considering east longitude as positive, in which 
direction from Greenwich, east or west, does a place lie whose 
longitude is - 12°? 

6. If gains be regarded as positive, what does a gain of — $5 
mean? A loss of - $5? 
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7. A man's property is worth $2000 and his debts amount 
to $1000. How may positive and negative numbers be used to 
represent each of these amounts? 

8. During the first five minutes of a football game the team 
in possession of the ball advanced it as follows: 

+ 30 yds., + 5 yds., + 10 yds., - 4 yds., - 3 yds., + 2 yds. 
Explain the movements of the ball. 

9. During a certain interval of playing a football was advanced 
20 yds., then 10 yds. more, then carried back 5 yds. by reason 
of a penalty. How may positive and negative numbers be used 
to represent these movements of the ball? 

10. Rome was founded in 733 B.C. and the Roman Empire 
fell in 476 a.d. How may positive and negative numbers be 
used to express these dates? 

21. Number Scale of Arithmetic. Let us suppose that 
some convenient unit of length, as i of an inch, is laid off 
successively along a given straight line and that the suc- 
cessive points of division are designated with the natural 
numbers as follows: 

012 3456789 

I. ■ I I I I I I I I I l> 



FiG.d 

Beginning at zero and proceeding along the line towards 
the right, it will be observed that: (1) each number in 
the series expresses the distance (in terms of the assumed 
unit of length) of the point it designates from the point 
designated by zero. Thus, the point designated by 3 lies 
3 units to the right of zero; (2) the series represents an 
orderly succession of increasing values as we proceed towards 
the right and an orderly succession of decreasing values 
as we proceed towards the left; (3) this series may be 
extended indefinitely towards the right, that is, in the 
direction of increasing values. ' 
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This series of numbers, designated I, constitutes the 
number scale of arithmetic. 

22. Number Scale of Algebra. Let us now suppose 
that (1) we have a given straight line whose middle point 
is designated 0. (2) Some convenient unit of length as 
before is laid off successively along the given line in each of 
the two opposite directions from zero. (3) Distances to the 
right of zero are to be considered positive. (4) The suc- 
cessive points of division are designated as follows: 

TT -7-6-5-4-3-2-101234567 

IL ♦^ — I — I — I — I — I — I — I — I — I — I — I — I — I — h> 

Fig. 7 

Beginning at zero and proceeding along the line in 
either of the two opposite directions, it will be observed 
that (1) each number in the series expresses the distance 
as before of the point it designates from zero. Thus, 
the point designated by 3 lies 3 units to the right of zero 
and the point designated by — 3 lies 3 units to the left 
of zero. (2) Since distances to the right of zero are positive, 
distances to the left of zero, being measured in the opposite 
direction, must be regarded as negative; and the numbers 
which express these distances to the left of zero are there- 
fore negative numbers and must be preceded by the — 
sign. (3) This series represents an orderly succession of 
increasing values as we proceed towards the right and an 
orderly succession of decreasing values as we proceed 
towards the left. It is because of this fact that negative 
numbers are sometimes spoken of as being less than zero. 
(4) This series may be extended indefinitely both to the 
right and to the left of zero and therefore has double the 
scope of series I. 

The series designated II constitutes the number scale 
of algebra. 



O X 

I I I iii i i ni ' 



■Y' 
FlG.8 
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EXERCISE 

23. 1. On a horizontal straight line as X'OX^ consider the 
part OX as being positive; the part 
OX' as negative; and locate points 
corresponding to the following num- 
bers: - 3, + 7, - 2J, + 3i, - 6i. 

2. Locate the points correspond- 1 111 1 111111 ] 
ing to the numbers in Example 1 on 
a vertical line as YOY'^ considering 
OY as the positive and OF' as the 
negative parts of the line. 

3. Let P be a point which, 
starting at 0, moves along the line X'OX^ of Example 1, as follows: 

(a) 10 units in the positive direction, then 2 units in the nega- 
tive direction. 

(6) 10 units in the negative direction, then 15 units in the 
positive direction. 

Trace the movements of P in each instance and designate 
its positions on the line X'OX by some letter as P',* P", etc. 

4. Let the point P start at and move along the vertical 
line YOY' of Example 2 as follows: 

(a) 6 units in the positive direction and then 12 units in the 
negative direction. 

(6) 4 units in the positive direction, then 5 more units in the 
positive direction, and then 3 units in the negative direction. 
Trace the movements of P in each of these instances and designate 
its position by P'" P*^ P^. 

6. Referring to the movements of P in Example 3, how many 
units of distance does P pass over in (a)? In (6)? 

6. Referring to the movements of P in Example 4, over how 
many units of distance does P pass in (a)? In (6)? 

7. Referring to the positions of P in Example 3, where does 
P lie with reference to at the end of the movements in (a)? 
In (6)? 

* P' is read P prime; P" is read P second, etc. 
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8. Referring to the positions of P in Example 4, where does 
P lie with respect to at the end of the movements in (a)? In (6)? 

9. What net result was obtained by combining + 10 units 
distance and — 2 units distance in Example 3a? By combining 
— 10 units distance and +15 units distance in Example 36? 

10. What net result was obtained by combining + 6 units 
distance and — 12 units distance in Example 4a? By combining 
+ 4 units distance with + 5 u^ts distance and — 3 imits distance 
in Example 46? 

24. Addition of Positive and Negative Numbers may 
be readily perfonned by the use of the number scale of 
algebra. 

H2H1-tO-9- 8-7-6-5-4-3 -2-1 0+1 +2 + 3+4+5+647 48 + 9410+11+12^ 

•> l I I I I I I I I I I I I I 11 I I I I I I I' 

FiG.9 

To add -\- 4 and + 8, begin at + 8 and go 4 units in the 
direction of positives, to the right. This will bring you to + 12, 
which is the sum of -f 4 and -f 8. 

To add -\- 4 to — 8, begin at — 8 and go 4 units in the direction 
of positives. This will bring you to — 4, which is the sum of 
+ 4 and - 8. 

In general, to add the positive number a to the number 
6, when h is either positive or negative, begin at 6 and 
go a units in the direction of positives, to the right. 

Since, to add -f 4 to +8 means that you begin at -f 8 and go 
4 units in the direction of positives, to add - 4 to +8, begin at 
4- 8 as before but go 4 units in the direction of negatives, to the 
left. This will bring you to + 4, which is the sum of - 4 and -f 8. 

To add - 4 to - 8, begin at - 8 and go 4 units in the direc- 
tion of negatives, to the left. This will bring you to - 12, which 
is the sum of - 4 and - 8. 



POSITIVE AND NEGATIVE NUMBERS 19 

In general, to add a negative number a to a number 
b, when b is either positive or negative, begin at b and go 
a units in the direction of negatives, to the left. 

25. Summary. The results obtained in the preceding 
section may be summarized as follows: 

(1) To add numbers which have the same direction^ add 
as in arithmetic. If the numbers to be added are positivCy 
the sum will be positive; if the numbers to be added are negative, 
the sum will be negative, 

(2) To add two numbers which have different directions, 
subtract the numbers. If the greater number is positive, the 
sum will be positive; if the greater number is negative, the 
sum will be negative, 

(3) To add more than two numbers which have different 
directions, first, add those which have the same direction as 
in paragraph (1); second, add these two results as in para- 
graph (2). 

ORAL EXERCISE* 

26. 1. Add 4 to 2. • 2. Add 4 to -2. 

3. Add - 4 to + 2. 4. Add - 4 to - 2. 

6. If the temperature is now — 10**, what will it be after a 
rise (a) of 5^? (6) of 15°? 

6. A ship is in latitude — 20° and is sailing northward at the 
rate of 5° of latitude per day. What will its latitude be (a) at 
the end of 3 days? (6) at the end of 5 days? 

7. A ship is now in longitude 77° t. What will be its longitude 
after it has sailed (a) eastward 50°? (6) westward 50°? 

♦ To the Teacher: Pupils find that a model made from a yardstick 
with a rider to slide back and forth is very helpful at this point in the 
addition and subtraction of positive and negative numbers. 

t Consider east longitude as positive. 
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8. If the temperature is now 15°, what will it be after (a) a 
rise of 20°? (6) a fall of 20°? 

9. The poet Horace was bom in the year — 65 and died at 
the age of 57. In what year did he die? 

10. Suppose that a man is worth — $1000 and that he saves 
$500 a year for 4 years. What will he then be worth? 

27. Subtraction of Positive and Negative Numbers 

may be performed readily by the use of the number scale 
of algebra. 

Illustrations: Since to add + 4 to 4- 8 means that you begin 
at + 8 on the scale and go 4 units to the right, to subtract + 4 
from -f 8, begin at + 8 and go 4 units to the left. This will 
bring you to + 4, which is the difference between 4- 8 and + 4. 

Since to add + 4 to — 8, means that you begin at — 8 and 
go 4 units *o the right, to subtract + 4 from — 8, begin at — 8 
and go 4 units to the left. This will bring you to — 12, which 
is the difference between — 8 and 4- 4. 

Since to add — 4 to — 8 means that you begin at — 8 and go 
4 units to the left, to subtract — 4 from — 8 begin at — 8 and 
go 4 units to the right. This will bring you to — 4, which is 
the difference between —8 and —4. 

To subtract a positive number a from a number 6, 
h being either positive or negative, begin at b and go a 

.712-11-10-9-8-7-6-5-4-3-2-1 0+ 1 1-2 +3+4 +5 + 6 +7-»-8 + 9-»-10fim2., 

H I I I I I I I I I I I I I I I I I I I I I !■ 

FiQ.lO 

units to the left; to subtract a negative number a from 
a number 6, h being either positive or negative, begin at 
h and go a units to the right. 

From the foregoing it will be observed that (1) to 
subtract a positive number is the same as to add a negative; 
(2) to subtract a negative gives the same result as to add 
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a positive. Hence, the following is a convenient rule for 
the subtraction of positive and negative numbers: 

Change the sign of the number to he subtracted and add 
to the other number, 

EXERCISE 

1. Subtract (a) 2 from 5. (6) 5 from 2. 

2. Subtract (a) 3 from 7. (6) 7 from 3. 

8. If the temperature is now + 30**, what will it be after a fall 
(a) of 20°? (6) 40°? 

4. If the temperatiu^ is now + 10°, what will it be after a 
fall of (a) 12°? (6) 8°? 

6. A ship is in latitude + 40° *. What will be its latitude 
after it sails southward (a) 25°? (6) 50°? 

6. A ship is in longitude + 77°. What will be its longitude 
after it sails westward (a) 50°? (6) 92°? 

7. A man's gains in a certain business amounted to S3000 
and his losses for the same period amounted to $2000. What was 
his net gain? 

8. Supposing the gains and losses in Example 7 to be reversed, 
what would have been his net gain? 

9. A man's annual income is $2000 and his expenses amount 
to $1000 a year. What are his annual savings? 

10. Suppose the income and expenses of Example 9 to be 
reversed. What would his annual savings be? 

' 11. From the sum of - 3J, - 18}, and 33} subtract the sum 
of 18, 9}, and 33}.t 

* Hereafter it will be assumed that (a) north latitude is positive 
and south latitude negative; (6) east longitude is positive, west longi- 
tude negative. 

t Add the first and second numbers first, then add their sum to 
the third number. 
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12. A steamer's course begins at Boston in latitude 42** N. 
and ends at Buenos Ayres in latitude 32** S. How many degrees 
of latitude does the course cover? 

18. - 32° subtracted from 42** leaves how many degrees? 
42° subtracted from - 32° leaves how many degrees? 

14. At 12 noon, December 1, the temperature at a certain 
city was 20° above zero. At 7 a.m., December 2, the temperature 
had fallen 41° lower than what it was at noon of the preceding 
day. What was the temperature at 7 a.m. December 2? 20° — 
41° = ? degrees? 

15. Suppose the temperature at noon- of December 2, to be 
45°. How much of a rise would be necessary above the tem- 
perature indicated at 7 a.m. in the preceding example? 

16. In levelling a piece of ground a surveyor selected a certain 
point as base and with reference to this base found the height 
of six other points to be + 35 feet, — 16 feet, — 9 feet, 4- 24 
feet, — 18 feet, 4- 4 feet. What was the average height of the 
six points? 

17. A launch has a speed of 10 miles an hour in still water. 
What will be its rate both up and down a river whose current 
flows 2 miles per hour? (Use positive and negative numbers 
to express the rate of the current.) 

18. On the deck of a boat whose speed is 20 miles an hour 
two men are walking, each at the rate of 4 miles an hour, one 
going in the same direction as the boat and the other in the opposite 
direction. Use positive and negative numbers to represent the 
rates of walking and express the rate at which each of these men 
is advancing towards his destination. 

19. A boy riding along the street on a motorcycle at the rate 
of 40 miles an hour encounters a gust of wind blowing in the 
opposite direction at the rate of 60 miles an hour, (a) At what 
rate does the wind pass him? (6) At what rate would the wind 
pass him if both were going in the same direction? 

20. The daily papers usually carry a table furnished by the 
weather bureau showing maximum and minimum temperatures 
at different points? How would the following readings be printed 
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in such a table? St. Paul, 10° below zero, Chicago, 2° below 
zero, Memphis, 6° above zero, New Orleans, 30** above zero? 

28. Multiplication of Positive and Negative Numbers. 

Illustrations 

+ 3X4-8 = +24, since this means 

(+8) +(+8) +(+8) = +24. 

+ 3x— 8= — 24, since this means 

(-8) +(-8) +(-8) = -24. 

— 3 X + 8 = — 24, since this means that + 8 is to be subtracted 

three times. This means the same thing as sub- 
tracting 24 once, which gives — 24. 

— 3 X — 8 =+ 24, since this means that* — 8 is to be subtracted 

three times. This means the same as subtract- 
ing — 24 once which gives + 24. 

In general, two numbers a and 6, both being positive 
or both being negative, when multiplied together give a 
positive result, + ab. And, two numbers a and 6, either 
of which may be positive but the other negative, when 
multiplied together, give a negative result, — ab. 

ORAL EXERCISE 

Give results to the following: 

1. + 3 X + 4. 2. + 3 X - 4. 

8. - 5 X + 6. 4. - 5 X - 6. 

6. +4X+3X+2. 6.*+4x+3x-2. 

7. +4X-2X+3. 8. +4X-2X-3. 

9. -4X-2X+3. 10. -4X-2X-3. 

* Multiply + 3 by +4, then multiply - 2 by this result. 
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29. Division of Positive and Negative Numbers. 

Illustrations 

-1-8^+4-+ 2, since +4X4-2 = 4-8. 

-8-^4-4=-2, since 4-4x-2 = -8. 

+ 8-s--4=-2, since -4x -2 = 4-8. 

-8+--4 = 4-2, since -4X4-2= -8. 

In general, two numbers a and 6, both being positive 
or both negative, when divided, give a positive result. 
And, two numbers a and 6, either of which may be positive 
but the other negative, when divided, give a negative 
result. 

30. Summary. The results reached in the two pre- 
ceding sections lead -to the following law of signs for mul- 
tiplication and division: 

In multiplication and division of positive and negative 
numbers, like signs produ^ce positive results and unlike signs 
produce negative results. 

ORAL EXERCISE 

31. 1. 4- 30 -5- 4- 3 = 2. - 30 + 4- 3 - 
3. 4- 30 ^ - 3 = 4. - 30 -5- - 3 = 
6_60-5-4-5= 6. -60-!-4-12 = 
7. _ 60 -f- - 12 = 8. 4- 60 -^ - 5 = 
9 _ 10 ^ - 10 = 10. - 20 -5- - 40 = 

MISCELLANEOUS EXERCISES FOR REVIEW 

32. Simplify the following expressions by performing the 
operations indicated: 

1. ^ 9 _ (4). 2. - 9 - 4. 

3. - 11 4- ( - 13). 4. - 6 - ( - 8). 
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6.7-0. 6.0-3. 

7. - 2. 8. 8( - 3). 

9. -3(18). 10. -5(4). 

11. - 5(0). 12. 0( -5). 

13. - 4(7) ^ - 2. 14. ( - 3)«. 

15. -(3)». 16. 2(3)( -8) ^( -8). 

17. 6 4- 3(2) 4- 18 ^ ( - 3).* 

18. 3(6) 4- 9 - 2(6) -f 4 + ( - 3). 

19. - 4( - 5) + ( - 10) ^ ( -3) - 4(5) ^ ( - 2)(5). 

20. 6( - 5) + ( -3)( - 8) -f 2(7) ^ ( - 14). 

Evaluate the following expressions when a = 10, 6 = 5, c = 2, 
and e = — 3: 

22. - an)H^ 4- 50 afec. 

^, abc -\- 2 ab — a'c^ 

24. ^, 

-26c 

b c' 

a* — b* 

26. Show that for the above values of a and b — = a + 6. 

a — b 

27. Show that — r = a — 6, for same values of a 

a — b 

and b as above. 

b^ — c* 

28. Show that — = 6* + 6c + c*. for same values of a, 6, 

6 — c 

and c as above. 

flS ^ cS 

29. Show that — ; — = a^ — ac + c^. for same values of a 
and c as above. 

* In a series of operations involving addition, subtraction, multi- 
plication, and division, multiplication and division always precede 
addition and subtraction. In this example first divide 18 by — 3, 
then perform the addition. 



, 5 a* -2 abc 
"• Sac ' 




28. e« + <* - o». 






26.1 
a 
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Ab stated elsewhere it is the custom to regard temperature 
below zero as — and temperature above zero as + ; in the exer- 
cises that follow latitude north will be considered +, distance 
traveled southward as -; time before the birth of Christ will 
be considered as -, time after the bui.h of Christ as +; a rise 
in temperature will be taken as +, a fall in temperature as -. 
Working under these assumptions answer the following: 

80. If the temperature on a given morning was — 12**, what 
would it be after a rise of 15°? of 10°? After a rise of 30° followed 
by a fall of 32°? 

81. If a ship was in latitude 21° and sailed southward on its 
course for three days covering an average of 8° of latitude each day, 
in what latitude was it at the end of the third day? 

82. Ahmes, an Egyptian writer, who lived about 1700 B.C., 
is the earliest known writer to give the solution of simple equa- 
tions. The earliest writer on algebra, however, is the Egyptian, 
Diophantus, who lived about 300 a.d. How many years between 
the writings of these two men? 

88. The Roman historian, Livy, died in the year 17 a.d. at 
the age of 66. In what year was he born? 

34. Rome was founded in 733 b.c. and the Roman Empire fell 
in 476 A.D. How many years elapsed between these two events? 

35. In what latitude is a man whose position is described as 
being — 5 degrees north of a certain place? How many miles 
north of his starting point is a man who travels 9 degrees south 
and then 4 degrees north? (A degree = 69.16 miles.) 

36. Starting from the middle of the field in a certain football 
game, the ball shifted its position in yards during the first fifteen 
minutes of play as follows: +50, - 5, + 12, — 15, — 3, +30. 
Where was the ball at the end of the last play? (Distance towards 
the north goal is here regarded as +.) 

37. The differences in readings of a thermometer that was 
read houriy from 7 a.m. until 7 p.m. were as follows: 3°, 4**, 7°, 
10°, 12°, 15°, 10°, 5°, 0°, - 20°, - 15°, - 10°. How did the 
the temperature at 7 p.m. compare with that at 7 a.m.? If the 
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temperature at 7 a.m. was + 20", what was the temperature 
at each hour of the day? 

38. One man has property worth $1000, and his debts amount 
to $1000. Another man who has no property at all owes $100. 
Which of these two men is the better off financially? 

39. If you consider profit or gain as being +, how must loss 
be considered? With this understanding what is the difference 
between a — gain and a loss? What does — $5 profit mean? 
— $10 loss? Now suppose a man bought a horse for $150 and 
sold him for $125. What did he gain? If the horse had been 
sold for $160 what would have expressed the loss? What is the 
difference between a — loss and a gain? 

40. A boy has $25 in the bank, $15 in his pocket, and two 
other boys together owe him $10 while he himself owes $15. How 
much is he really worth? 

41. Let a = - 3, 6 = - 2, and show that ^' "^ ' = a» -h ab+ 6«. 

a — 

Show that this expression also holds for other values of a and 6, 
positive as well as negative. 

42. Find the value of ^'-*-^^+y' , for x = - 2; y = - 1. 

Express the answers to the following in algebraic language , 
that is, in terms of some letter. 

43. Express y dollars in cents. Ans. 100 y cents. 

44. Express in terms of y the interest on $100 for 3 years at 
y %; the interest on y dollars at 6% for three years; the interest 
on $100 for y years at 6%. 

45. A man bought a farm for tx and sold it at a gain of 
(x — 200) dollars. Express the selling price in terms of x. 

46. A man bought two automobiles at 2 x dollars apiece, and 
sold one at a profit of 25% and the other at a loss of 25%. Express 
the selling price of each in terms of x. If he had sold one at a 
profit of y% and the other at a loss of y%, what expressions would 
represent the two selling prices? If he had sold one at a profit 
of y dollars and the other at a loss of y dollars, what expressions 
would then represent the selling prices? 
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47. A rectangle is h feet long and A - 10 feet wide. Express 
in terms of h the area of the rectangle. 

48. Express the perimeter of the rectangle in Example 47 
in terms of h. 

49. How much can a man save on a salary of e dollars a year 
if his expenses for half the year average S75 a month and for the 
other hsdf year, x dollars a month? (Express in terms of e and x.) 

60. A horse valued at tx was sold at a loss of y%. What was 
the selling price? 

A •. *^y. 

Ans. J^-J^ 



CHAPTER III 
ADDITION AND SUBTRACTION 

33. Signs of Aggregation are the parentheses ( ), brackets 
[], and braces { }. These signs are often used to inclose 
numbers. When so written the numbers inclosed are to 
be treated as a single number. For example, (a + b) is 
read binomial a plus 6, and means that we are to treat 
the sum of a and & as a single number. 

34. Addition by Grouping Numbers. In adding a 
column or row of numbers wovsometimes group the numbers 
in twos or threes. Thus, in adding 3, 7, 2, and 8, we 
observe that 3 + 7 = 10, that 2 + 8 = 10 and that 
10 + 10 = 20. In general, this means that a + b + c + d 
= {a + b) + (c + d) = {a + c) + {b + d), etc. 

In words this means that the sum of several numbers is 
always the same in whatever way they may be grouped, 

36. Addition of Terms which have no Common Factor. 
The sum of a and 6 is a + 6. 
The sum of 2 a, — b and 4 is 2 a — 6 + 4. 
The sum of 5 n and — 6pis5n — 6p. 
In general, to add terms which have no common factor, 
bring down the terms in succession each with its own sign, 

36. Subtraction of Terms which have no Common 
Factor. 

a taken from 6 leaves 6 — a. (a is the number to be 
subtracted.) 

29 
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-3c taken from 4 d leaves 4 d + 3 c. (— 3 c is the 
number to be subtracted. 

—2 X taken from — y leaves — y + 2x or 2x — y. 
(— 2 X is the number to be subtracted.) 

In general, to subtract terms which have no common 
factor: Change signs of terms to be subtracted and then bring 
down the terms in succession each with its own sign. 

EXERCISE 

37. In Examples 1-2-3-4-5-6 write down the sum. 
1. 5, 3 a, and 2 x, 2. ax», dy, and ex. 

8. a, - 6, - c, and d. 4. 3(a +6), 5(a -6) and6 (c -f d). 

6. 2 mn, 4 m», and 7(m - n). 6. - a, + cd, -6, and -e. 

7. a taken from - 6 = ? 8. c taken from - d = ? 

». - 2/ taken from -3^ = ? 10. -4m taken from - 6 p = ? 

38. Addition of Terms which have a Common Factor. 

Example 1. Add 5 a, 6 a, 3 a, and 7 a, 
SoMion, 5a + 6a-f3a + 7a=(5+6+3-f7)a, 

= 21 a. 

Example 2. Add - 5 s, 3 s, 7 s, and -9 s. 
Solution, -5«-f35 + 7s + (-9 5) =(-5+3+7-9)s 

= -4«. 

Example 3. Add 5(a - 6), 6(a - 6), and - 4(a - b). 
Solution. 

5(a - 6) + 6(a - 6) -f (- 4)(a - 6) = (5 + 6 - 4)(a - 6) 

= 7(a - 6). 

In general, to add terms which have a common fa^ctoTy 
add the coefficients of the common factor and multiply the 
common factor by their sum. 
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EXERCISE 

Find the sum of : 

1. 8 X, 7 x, -6 a;, and - 10 x, 

2. 3 a», - 7 a», -5 a», and 10 a\ 

8. 5 a% 10 a% - 8 a«6, and - a^h. 

4. — xy, 3 xy, 8 xy, — 10 xy, and 7 xy. 
6. — i abCf } a6c, | abCj — abc. 

6. (x - 2/), - 4(a; - y), - 7(a: - y), and 15{x - y), 

7. 5.4 a*b^c^, -2.8 a^fc^c', - 8.2 a^b^c*, and 1.7 a^ft^c*. 

9. 9 5, 4 J 5, -31s, 8 s, - 17 s. 

10. 9(a + 6), - 4(a -f 6), (a + 6), 6(a + 6), -3(a + 6) 
and 2(a -f 6). 

11. 6(/iJ + H), - 4(/iJ + i^), and - 8(i? + H). 

12. 2(P - g), -3(P - q\ - (P - (?). 

18. 2 • angle -A, 4 • angle A, and — 3 • angle A, 

14. 6 . 45°, 7 • 45°, and 2 • 45°. 

16. 7 a(t/), 6 c(2/), — 3 6(y), y is common factor here. 

16. 10(-2°),4(-2°), -3(-2°). 

17. o . $5, 6 . $5, - c . $5. 

18. a{x - y), - b{x - y), - c(x - y). 

19. p(-m), g(-m), r(-m). 

20. a'(flf««), a"(flf««), a'" (^<«). 

39. Subtraction of Terms which have a Common Factor. 

Example 1. Take 5 a from 8 a. 
SoliUum. 8 a — 5 a =« (8 - 5)a 
= 3 a. 

Example 2. Take — 3 a from 8 a. 

Solution, 8a — (— 3 a) =8a+3a, since subtracting — 3 a 
means the same thing as adding + 3 a 

= (8 + 3)a 

= 11a. 
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Example 3. Take 3(x -f y) from - 7{x + y). 
Solution. - 7(x + y) - 3(x + y) = (- 7 - 3)(x + y) 

- - 10(x + y). 

In general, to subtract terms which have a common factor, 
subtract the coefficients of the common factor and multiply 
their difference into the common factor, 

EXERCISE 

1. From 8 x« take - 4 x». 2. From 12 aH> take 16 o*6. 

8. From - 18 1* take - 12t\ 4. From - xy take J xy. 

6. From 3.5 mn take — 1.5mn. 6. From take 2 ab. 

7. From (a + b) take 2(a -f 6) . 8. From - (x -y) take -3(x -y). 

9. From |(m + n) take - J(w -f n). 10. From take 2(x + y). 

11. From — - — take — ;; 

2 4 

12. From 3(- cd) take .5(cd). 

18. From the sum of 3(x - 7), - 7(x - 7), and 8(x - 7) subtract 
the sum of 5(x - 7) and - 2(x - 7). 

14. From the difference between — 9a^bc and 4 a^bc take their 
siun. From their sum take their difference. 

16. From 8 • angle B take 3 • angle B, 

16. From § gt^ take - i^ gt^, 

17. From 10 • 30^ take 3 • 30^. 

18. From a'gt^ take a"gt^. (gt^ is the common factor.) 

19. Fromo • $5 take b • S5. 20. From - 3(10^) take -4(10*'). 

40. Similar Terms are those which are alike in their 
literal parts. 

Thus, 4 xy, 5 xy, and — 6 xy are similar terms. 
Also, 6 a%Cy a%Cy and — 7 a%c are similar terms. 
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41. The Addition and Subtraction of Poljmomials. 

Example 1. Find the sum of a +2ab -hb, 4a-8a6+4 6, 
and 9 a + 18 a6 + 9 6. 

SolvJtion, a -f 2 06 -f h 

4a- 8a6-f 46 

9a-f 18 a5-f 96 

14 o + 12 a6 4- 14 6 

Explanation. It is immaterial which column is added first. 
Hence, beginning on the left, the sum of 9 a, 4 a, and a is 14 o, 
which is brought down as the first term of the result. Next, the 
sum of 18 06, — 8 a6, and 2 a6 is + 12 a6, which is brought down 
as the second term of the result. Finally, the sum of 9 6, 4 6, and 
6 is -f 14 6, which is brought down as the last term of the result. 

Example 2. In like manner to. subtract c —2 cd -\- d from 
4 c — 4 cd + d, the expressions are set down as follows: 

Solviion. 4 c — 4 cd + d 

c '-2cd +d 
Sc -2cd 

Explanation. It is immaterial which column is subtracted 
first. Hence, beginning with the left-hand column and following 
the rule for the subtraction of similar terms or terms having a 
common factor, we have 4 c — c or 3 c for the first term of the 
result. In like manner, — 2 cd is found to be the other term of 
the result. 

42. Summary. The processes of addition and subtrac- 
tion of polynomials, as illustrated in the foregoing examples, 
may be stated as follows: 

(1) Write similar terms in the same column. 

(2) For addition of polynomials, add the terms in each 
column and unite the results in succession with their proper 
signs. 
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(3) For subtraction of polynomials, change the sign of 
each term to he subtracted, add each of these terms whose signs 
have been changed to the other term in sams column and vmte 
the results in succession with their proper signs. 

43. Checking Results. A check on an operation is 
another operation to test the correctness of the first. 

To illustrate: Let a « 6 « 1, in the foregoing example in 
addition. The solution and its check are as follows:. 

Solution Check 

a+ 2ab + b = 'l-f2-fl = +4 

4a-8a6-f46= 4-8+4= 

9a + 18a6+96 = 9-fl8+9 = +36 



Sum, 14 a + 12 a6 + 14 6 = +40 

But 14 o + 12 06 + 14 6 = 14 + 12 + 14 = + 40 

Therefore, since the numerical value of the sum is + 40 and the 
sum of the numerical values of the three polynomials is also + 40, 
we conclude that the result is correct. 

Similarly, in checking the result of the foregoing example in 
subtraction, the solution and its check appear as follows: Let 
c =d = h 





Solution Check 




4c -4cd+d - 4-4 + 1=1 




c-2cd+d = 1-2+1=0 


Difference 


3c-2cd = 1 


But 


3c -2cd =3-2 = 1 



Therefore, since the numerical value of the difference is 1, and 
the difference of the numerical values of the two polynomials is 
also 1, we conclude that the result is correct. 
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Such a numerical check as the foregoing will usually, 
though not always, detect errors. A more reliable check 
can be obtained by the substitution of a different number 
for each letter. 

EXERCISE 

(Check results to first ten exercises.) 

44. 1. Add: 4 a^b + 4 a«6 - 2 ac\ a*b - a»6 + ac*, - 5 a*b + 

7 0^6 + 9 ac^ and a^b + 2 ac\ 
2. -9t^ +3t -8ti taken from IQt* -t +^t^ leaves ? 
8. Add: x* -{- 3 x^ -{- 2 x^ + x + 7y 2 x* - S x* - 6 x^ -\- 5 x - ^, 

and - 7 x* 4- 6 a;» - 11 x* + 1. 

4. Add: J gt^, J gt^, f gt^, 7 at*, - 6 at*, } gt*, and - i atK 

5. Add: 4a*b - 3xy + 2cd and a*b — Zxy — 4cd. 

6. From the sum of 16abc + 7 b*c* -9acd and - 12 abc -{- 

15 b*c* -\- 12 acdf take the sum of abc — b*c* -hdacd and 
10 abc -f 14 b*c* - 15 acd. 

Add the following polynomials: 

7. o< + 4 a*b + 6 o«6« + 4 a!>» + b*, a*b + 3 a*6« + 3 a6» + 6<, 

and a»62 -f 2 a< - 6* - 7 a^b. 

8. 7(a2 4- 6^) + S(a* - ft^) « c«, - lOCa* + 6«) + 5(a« - 6^) 4. 

4 c* and 2(0^ + 6*) - lOCa^ - 62) - 2 c*. 

9. i a*c* + f a*b* - } ft^c^ J a*c* - § a«6« - f 6»c«, and i a^c* - 

a*b* 4- i 6*c«. 

Subtract: 

10. x* -\-2xy +y* from a;* - 2 xy + 2/*- 

11. The sum of a* -|- 4 aft + b* and a^ - 2 a6 + 6* from a* - 4 06 

+ b\ 

12. 4(a: - 1) + 3(x 4- 2) + 5(a; - 4) - (x - 2) from (x - 1) - 

3(x 4- 2) 4- 2(a: - 4) 4- 2(rr - 2). 

13. x* 4- x^y 4- a:*!/* 4- a:?/' 4- y* from —2 x'z/ 4- 4 x*y* - 2 xy^. 
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Simplify the following expressions by combining the similar 
terms: 

14. a-h+2c-\-d-\-Sa-2c-d-2h+5a-2d+3c. 
16. 2xy +y^ +x^ - ^xy -hSx^ -2xy. 

16. 7(a - x) + (a -f y) - 4( a- x) - 7(a + j/) + (o - a?). 

17. 11 a% +7c^x -Sa*y •\- a^b - 4 c«a: -f oV 

18. 10(w -f t?) -f 3(ti - t?) - 4(tt - t;) + (t^ + t;). 

Subtract: 

19. x^ -\- y^ from — 2 jy. 22. a — 6 — c — d — e from a. 

20. '-2xy from a:^ + i/^ 23. x -f- y - 2 - 1 from 3. 

21. m + n + p -\- q from w — n. 

24. The temperature at 7 a.m. was 41° and rose 28** during 
the forenoon; during the afternoon it fell 34®. What was the 
temperatiu^ at the close of the afternoon? (Always consider 
rising temperatures as positive unless otherwise specified.) 

26. A thermometer which stood at a° at 7 a.m. rose b^ during 
the forenoon and fell c** during the evening. What expression 
would then indicate the temperature? 

26. The assets of a firm were appraised as follows: 

Real estate valued at x dollars, 

Merchandise valued at y dollars, 

Accounts receivable valued at z dollars. 
The firm's liabilities consisted of: 

Accounts payable to the amount of a dollars; 
Notes and mortgages amounting to b dollars. 
How much was the firm worth? 

27. A commercial traveler starting from Chicago in the morning 
made the following trips in the order stated along an East and 
West route during the day: 

a miles west; b miles east; c miles west; d miles east. 
How far was he from Chicago at the end of the day? 
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28. The temperature was 20° at 7 a.m.; by 11 a.m. it had 
risen a° and by 1 p.m. a further rise of b° had been recorded. It 
then began to fall and by 6 p.m. a fall of c® had occurred. What 
was the temperature at 6 p.m.? 

29. A miner was 1000 feet below the surface of the groimd. 
Regarding distance upward as positive, how far below the surface 
was he (a) after being lifted b feet? (b) after being lifted b feet 
and then lowered c feet? 

30. A balloon, 2000 feet above the earth, ascended a feet, then 
descended (1000 + b) feet, then rose c feet, and finally descended 
e feet, where it remained stationary. Considering distances upward 
as positive, what was its final elevation? 

46. Meaning of Signs of Aggregation as used in Addition 
and Subtraction. 

For example: 4 a -f- (3 6 — c) means 4 a + 3 6 — c, 
and, X -\-y — q means x + (y — q); also (x -f y) — q. 
But, 4 a —(3 6 - c) * means 4 a — 3 6 + c, 
and, X +y — q means x — { — y -\-q); 
also, - {-x - y) - q. 

From the foregoing it will be seen that the parentheses, 
or any other sign of aggregation, may be removed or 
inserted at any time when preceded by the + sign without 
any other change. But when preceded by the — sign, 
the whole quantity within the parentheses is to be sub- 
tracted; hence, we must change the sign of each term inside 
the parentheses if we remove them. Likewise, if we insert 
the parentheses preceded by the — sign, we must change 
the sign of each term that is inclosed by the parentheses. 

When more than one of the signs of aggregation occur, 
as they usually do, one within the other, it is best to 
remove the innermost first. 

* Observe that the sign of 3 6 in the binomial (3 6 — c) is -[-. 
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Thus in 

[a + b- {c + d-(6-/)}], 
first remove the parentheses, 

[a + b- \c + d-e+f]l 
next remove the braces, 

[a + 6-c-d + c-/], 
and finally remove the brackets, 

a + 6 — c — d + e — /. 

EXERCISE 

In the following examples, remove the parentheses, etc., and 
simplify wherever possible by combining similar terms: 

1. 2 a - 3 [6 + c -f {a - 6 - (a - c) 1]. 

2. 7(a - 6) - 3(a + 6) - 5{a + 6 - (a - 6)|. 

3. 10(mn — pq) -\- 4jmn — pg — (mn — 2pq)]. 

4. - [6 a» - 6' + {a« - (6» - a» + 3- a^ - 6») |]. 

5. 2a^b^ - [f a262 - j(Ja*6*) - Jo^fe^ - (_ 4a«6«)l]. 

6. 12-{-8 + a-6+c - d(-3)|. 

7. 5 6 - (8 - 4 6 - 10 c) 4- (- 5 6 4- 3 c) - (8 c 4- 3 6 - 9). 

8. 10-(-5-o+6-c)-|-12c-(7-2a-f6) - 

(-8a -5 +6c). 

9. 8(4a -3A; +7L) -6(-2a +A; -L) - 20(a + A; 4- L-a). 

10. - 2(a - 6 - c) 4- 3(- a 4- 6 4- c) - (5 a - 6 6 - 7 c). 

In the following check the answers by assuming that o = 6 
= c = 1. 

11. - (ahc - a«&c) 4- a' - (- &' - c») - 2 a&c - (- 5 a»6c), 

12. - (a2 - 62 4- c2) - 4(6* - c^ - a«) - 3(c« - 6« - a*). 
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13. - a(6 - c) + 4 a!> - 6(a - c) - c(- a -6). 

14. 1 a - (6 - c) -I- 6 - (a - c) - c(6 - a). 

Insert parentheses preceded by — sign in the following expres- 
sions, inclosing in each the last two terms: 

16. a — 6 — c — d. 16. 6 — a — c — d. 

17. c — a — 6 — d. IS. d — a — h — c, 

19. x^ - y^ -x^ + p\ 20. - ^2 -I- y2 ^ 2* - qK 

21. 2 a + 6 - c -f d. 22. m - 2 mn - 2 p^ -f 2 rs. 

MISCELLANEOUS EXERCISES FOR REVIEW 

46. 1. From x^-{-3x^-\-Sx + l take x* - 3 a;* + 3 a; - 1. 
Check by putting a: = 1. 

2. Add 3x22/2 - 10 y2, 5 y2 - x^^, 7 x^ys - 6 y', 3 a;« + 4 x^' 

+ 2 y2. Check with a: - 2, y = 1. 

3. Take h a — J from 1. Check with a = 1. 

3 3 2 

4. What expression must be added to 7 y* _ i to produce 5 y^ 

-7y-|-2? 

5. Take 4 n^ - 5 n -|- 2 from 1 and add 5 n* - 6 n -f 3 to the 

result. 
Simplify the following: 

6. 5(a -b) - 7{a - b) - (a - b) + 6(a - 6). 

7. 3(r - s)2 + 7(r - s)* - 2( r - s)*. 

8. 2a -2(3 a -6) -3(6 +2 a). 

9. 6 - 5 c - a - 3(a - c) -|- 2 c - (- 2 6 - c -|- a). 

10. 9 m -f ( - 4 m + 6 n) - (3 m - n). 

11. 3 a;2- 2 xz/ -f 7 2/^ 4- 5 x2 4- 9 xy - 10 t/^ + 8 x* - 6 a:?/- 4 y^. 

12. (ax - 2by -{- 3 cz) + {by - 2 cz + 3 ax) -}- {cz - 2 ax - 3by). 

13. (6 a;22/2 -f 3 a; - 7 xy) - (3 xy - 4 ?/ - 7 x^z/z + 2 a;^!/^) 

4- (x - a;2^2 + a-y) - (4 a: + 41/). 
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14. mx — 8 y + (6 a — mx) —2 a. 

16. 4a«~6a4-4-3a2 4-a«-fl.5a-2-3-4a-3-76. 

In the following collect the terms with respect to x and y; that 
is, write the expressions with polynomial coefficients: 

1%, ax -\- by -^ ex + dy — ex, 17. 2 aa: -f 3 6x — 4 x. 

18. my — ny -h px — qx — ry + tx. 

19. 5(x2 - yi) - a(x« - y^ -\- Z 6(x» - 2/*) - c(x« - y^). 

20. 3(o - x) - 4c(a - x). 

21. 5 2/ — 3 acx — 5 cdy — 4 a6x — 3 cdy +2 ex — 4y — 5 ax. 

In the following collect the coefficients of x, x*, and x": 

22. ax* + ftx* — ex — dx 4- ex* -|- gfx» — A^«. 

23. - x» - X* - X + ax» -I- 6x + ex* - 2 6x» - 2 ex* - 2 ax». 

24. The sum of two numbers is 3 6 + c; and their difference is 

b — c. What are the numbers? 

25. The difference between two consecutive numbers, one of which 

is A:, is A; — 1. What are the numbers? 

26. The sum of two consecutive numbers is 2 A; -f 1. What are 

the numbers? . 

27. Write as a binomial (a) a — b + e — d. (b) a^ + 2 ah -{- b* 

- c* -2ed - dK 

28. Write a— b-hc—d+e— f-hg — h (a) asa succession of 

binomials each of which is preceded by the + sign. (6) as a 
succession of binomials each of which is preceded by the 



Express the following statements as equations: 

29. The sum of x and five is twelve. 30. x is five more than a, 
31. X exceeds y by four. 32. x is four less than y. 

33. The sum of x and five is the same as the sum of y and ten. 

34. Seven added to x gives the same result as x taken from twenty. 
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35. Ten taken from three times z leaves the same number as z 
added to thirty. 

86. Six times a plus three times b gives twenty. 

87. Seven times s square plus four times b cube gives c to the 

fourth power. 

88. a cube plus 6 cube less three times the product of a, 6, and c 

gives zero. 

39. The sum of the squares of a and b gives c. 

40. The difference of the cubes of a and b gives c cube. 

41. Four times a exceeds eighteen by six. 

Verify your answers to the two following by using a ther- 
mometer: 

42. How many degrees and in what direction must the temperature 

change to vary from 15** below zero to 45° above zero? 
(- 15° -f ? =45°). 
48. How many degrees and in what direction must the temperature 
change to vary from 50° above zero to 12° below zero? 
(50<> - ? = - 12°). 

44. How many dollars must be added to a loss of $25 in order 

to change this loss to a gain of $50? 

45. What siun must be added to a gain of $10 in order that the 

gain be changed to a loss of $10? 

46. An elevator starting from the ground floor goes up 60 feet, 

then down 15 feet, then up again 30 feet, and then down 
45 feet, 
(o) How many feet above the ground floor was it at the end 

of the last movement? 
(6) Considering distance up as positive, what expression will 
represent the total distance passed through by the 
elevator? 

47. An elevator starting from the ground floor goes up a feet, 

then down b feet, then up c feet, and finally down d feet. 
Considering distance up as positive, how many feet from the 
ground floor was it at the end of the last movement? 
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48. A man left an estate valued at SIO^OOO to be divided among 
his three sons as follows: To the youngest son o dollars, 
to the next older b dollars more than to the youngest, and 
to the oldest c dollars more than twice the share of the 
youngest. Express these statements in the form of an 
equation. 



CHAPTER IV 
LINEAR EQUATIONS 

(a) Solution 

47. An Equation is an expression of equality between 
two numbers. 

Thus, 5 = 3 + 2, 3 x = 12, 5 n = 7 - 2 n, and 
3x2_|_2a; + 5 = are equations. 

That part of an equation to the left of the equality 
sign is called the first member; and that to the right, 
the second member. 

48. A Numerical Equation is an equation whose coeffi- 
cients and known terms are represented by the Hindu 
numerals. 

Thus, in the .equation 7 x = 3x + 8, x represents the 
unknown number while the coefficients 7 and 3 and the 
known number 8 are all represented by the Hindu numerals. 

On the other hand, ax = bx + c and, 7 x = 3x + c 
are literal equations. These last will be considered later. 

49. The Degree of an Equation * containing a single 
unknown number is determined by the highest exponent 
of the letter representing the unknown number. 

For example: 5x + 4 = 3 — a: is an equation of the 
first degree in x, since the highest exponent of a: is 1. 

♦ All powers here considered are supposed to be integers. 

43 
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3 x^ + 05 = V is an equation of the second degree in x, 
since the highest exponent of x is 2. 

Similarly, a^ — 5x = a^ + 7 is of the third degree in 
X, and ox** + bx"""^ + . . . + c = is an equation of the 
nth degree in x. 

60. A Conditional Equation is an equation that holds 
for particular values only of the letter representing the 
unknown number. 

Thus 5 x = 10 is true only when a; = 2. 

On the other hand 5a; — 3a; = 2a;is true when a; = 1, 
or when a; = 2; and equally as well for any other value 
of X. Such equations as these last are identical equa- 
lions, or identities. Whenever the term " equation " is used 
without any qualification, it means a conditional equa- 
tion. 

61. A Linear Equation in one letter contains the imknown 
number in the first degree only. 

Thus 10 a; — 3 = and ax + 6 = are linear equations 
in X. 

Also, an equation in two letters is linear if each of these 
letters occurs only to the first power and both do not occur 
in the same term as a product. 

Thus 6 X — 3 1/ = 10 and ax + by = c are linear equa- 
tions in X and y, 

6x 
Also, — = 50 is linear, since it really becomes 6x = 50 v. 

y 

10 
But 16 Qcy = 30 and 6x = — are not linear in x and y, 

y ^ 

If a linear equation has (a) integral coefficients; or 

(6) fractional coefficients, but does not have the letter 

representing the unjknown number in the denominator, it 

is called an integral equation. 
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X X 

Thus 3 x + 4 = 5 and « "^ o^ ~ ^ ^^^ integral equa- 

tions. _ 

X 5 ^ 
On the other hand - + — = 2 is not integral, but 
Z X 

fractional. 

62. Illustrative Solutions of Linear Equations. 

Example 1. Solve for x, 10 a; + 9 =30+3 x. 
Solution. 10 a; — 3 X = 30 — 9, subtracting 3 x and 9 from 
both sides. 

(Axiom 2: Equals subtracted from . . . ) 
7 X =21, collecting terms. 
Therefore, a; = 3, dividing both sides by 7. 

(Axiom 4: Equals divided by equals . . . ) 
Check. 10 . 3 + 9 = 30 4- 3 • 3, 
30 + 9 = 30 + 9, 
39 = 39. 

Example 2. Solve: = a? • 

2 4 3 

Solution. 6a5— 9s=12a;— 8, multiplying both sides by 12. 

(Axiom 3: Equals multiplied . . . ) 
6» — 12a5s=9— 8, subtracting 12 a; from both sides 
and adding 9 to both sides. 
— 6 x = 1, collecting terms. 
Therefore, a? = — J, dividing both sides by -6. (Axiom 4.) 

Cfuxk. i(-i)-i = -i-f 

63. Summary. From the foregoing solutions it wall be 
observed that: 

(1) We may perform all or any one of the following 
operations upon an equation: 
(a) Add the same number to both sides. 
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(6) Subtract the same number from both sides. 

(c) Multiply both sides by the same number, 

(d) Divide both sides by the same number. 

(2) A linear equation in one letter may be solved as 
follows: 

(a) // the equation has fractional coefficients j multiply 

both sides by such number as will remove the 
fractions. 

(b) By the addition and subtraction of proper terms 

transform the equation into one in which all the 
known numbers are in one member and all 
the terms containing the unknown number are 
in the other meftnber. 

(c) Collect the terms in each member of the equation. 

(d) Divide both sides by the coefficient of the letter 

representing the unknown number. 

(e) Check the result obtained by substituting it for 

the letter representing the unknown number in 
the equation. If the equation reduces to an 
identity the result is said to satisfy the equation, 
A number that thus satisfies an equation is 
called a root of the equation. 

EXERCISE 

64. Solve each of the following equations, checking results as 
shown in the foregoing illustrative examples: 

1. 10 2/ + 7 = 37. 2. 5 n - 4 = n + 12. 

3. 10 - « = 20 - 5 ^ 4. 1 - 10 x = 4 a; - 12. 

5. = 10a; -4a; - 12. 6. — - 8 = 2 - i/ +^ 



5 2 

» + 21; -6 ='3z; -- 
2 2 



7. 7 r - 12 = 3 r 8. v + 2 u - 6 =3 z; - - + 10. 
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0. 27 m + 189 = 12 m - 36. 10. - x - 5 = x - 15. 
11. 5(x -3) =3(x-3) - 10. 





12. |(^-6) +^ =x-(3-2x). 


13. 


3(x - 5) - 2(x - 4) = 0. 14. - - ^ = 3 y 

5 2 




16. |(y + 7) + i- (2/ - 4) = - |. 


16. 


^* 2 1 
7A; -- = -^ -7. 17. Oc -- =-, 
4 3 2 


18. 


2 A; + 7 = 4 A: -f 5. 19. 10 ^ - - = - 



10^ +-. 
4 

20. 3 X - 2 = - 4 X -f 12. 
66. Illustrative Solutions of Problems. 

Problem 1. Divide a line 11} inches long into three parts, 
a, 6, and c, so that c shall be 1 inch longer than 6 and twice 
as long as a. 

Note, first, that this problem contains three unknown numbers : 
the lengths of the three parts of the line which are designated a, 
6, and c. 

Second, that the problem contains three conditional statements: 

1. Sum of all the parts, a, 6, and c must equal 11}. 

2. The longest part c must be 1 inch longer than h ; 

3. The longest part c must be twice as long as a. 

&olviion. 
Let s = the length of a, the shortest part; 

then 2 s = the length of c (3d condition) 

and *" 2 5 — 1= the length of h (2d condition). 
Then s -f 2 s + (2 s - 1) =11} (1st condition). 

s-j-2s+2s = ll}-fl (adding 1 to both sides of the 
equation). 
^z = 12}, collecting terms. 
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Therefore, s = 2i, dividing both sides by 5, 

and 25 = 2(2J) - 5, 

and 2s-l=5-l=4. 

Hence, a is 2} inches long; c is 5 inches long; and 6 is 4 inches 
long. 

Check. 5 - 1 = 4 ; 5 = 2(2i), and 5 + 4 + 2 J = llj. 

Problem 2. A is 29 years old and his son is 8 years old. In 
how many years will A's age be four times the age of his son? 
Note, first, that- this problem involves three unknown numbers: 

1. The number of years that must elapse before A's age will 
be equal to four times his son's age; 

2. A's age at that time; 

3. The son's age at that time. 

Not« also that the problem contains three conditional state- 
ments: 

1. A's age now; 

2. The son's age now; 

3. A's age at a certain time must equal four times the son's 
age. 

Solution. 
Let X = the required number of years; 

then 29 + X = A's age at expiration of the required time; 

1st condition 
and 8 +a; = son's age at expiration of required time; 

2d condition. 
Then _ 29 + a: = 4(8 -f x), third condition. 

29 + X = 32 -f- 4 x, removing the parentheses. 
X - 4 X = 32 - 29, subtracting 4 x and 29 from both 
sides. 
— 3 X =3, collecting the terms. 

X = - 1, dividing both sides by — 3. 
Therefore, in - 1 year, that is, one year ago, A's age was equal 

to four times the age of his son. 
Check. 29 - 1 =4(8 - 1), 
28 = 28. 
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66. Summary. The solution of problems in algebra, as 
observed in the foregoing illustrative problems, may be 
summed up as follows: 

(1) In every 'problem there will he found certain unknown 
numbers. Represent one of these by some letter. 

(2) In every problem there will be found also certain 
conditional statements; in fact, just as many conditional 
statements as unknown numbers. Having represented one 
of the unknovms by some letter, express each of the other 
unknowns in terms of this letter, each time using one of the 
conditional statements that remain. This will leave one con- 
ditional statement unused. 

(3) Form the equation from this remaining conditional 
statement. 

(4) Solve the equation by methods of % 53. 

PROBLEMS 

67. Problems Relating to Numbers. 

1. The sum of two numbers is 246 and their difference is 64. 
Find the numbers. 

2. The sum of two numbers is s and their difference is d. What 
are the numbers? 

3. Using the results obtained in Example 2 as formulas, deter- 
mine directly by substitution two numbers : 

(a) Whose sum is 45 and whose difference is 15. 
(6) Whose sum is — 10 and whose difference is — 4. 

4. The sum of four consecutive munbers is 18 and the last is 
twice the first. What are the numbers? 

5. Divide 24 into three parts such that the first shall be half of 
the second and the second half of the third. 

6. Divide 30 into three parts such that the second part shall 
be three times the first, and the last part half of the sum of the 
other two. 
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7. A number diminished by 6 gives the same result as the 
number divided by 4. What is the number? 

8. Find five consecutive numbers such that the last is twice 
the first. 

Problems Relating to Measurements. 

». It is required to divide a board 60 inches bng into five parts 
such that the four longer parts shall be 1", 2", 3", and 4" longer 
respectively than the shortest part. Find the lengths of the 
different parts. 

10. A fence 4 feet high is made out of 5" boards running 
lengthwise. The number of boards necessary to build the fence 
up to the required height is 6, and they are so placed as to leave 
open spaces between them. If each of these open spaces, counting 
from the bottom upwards, is half of the one next above it, what 
must be the distances between the boards; that is, what will be 
the width of the open spaces? 

11. The combined length of the Panama and Suez canals is 
149 miles, and the second is 2 miles more tlian twice the length 
of the first. What is the length of each? 

12. The combined length of the four longest rivers in the 
world, the Nile, the Amazon, the Mississippi, and the Missouri, 
is 12,960 miles. The Amazon is 100 miles shorter than the Nile 
and 200 miles longer than the Missouri; and the last-named is 
60 miles shorter than the Mississippi. Find the length of each 
river. 

13. The distance from New York to Denver is twice the distance 
from New York to Chicago and three-fifths of the distance 
from New York to San Francisco. If the combined distances, 
New York to Chicago, New York to Denver, and New York to 
San Francisco equal 6175 miles, find the distance from New York 
to Denver. 

14. The estimated area of the coal lands of the United States 
is one and a half times the entire area of the state of Texas and 
twice the entire area of France. The sum of all three areas is 
866,671 square miles. What is the area of the coal lands? 



LINEAR EQUATIONS 51 

15. The length of a rectangle is 7 feet greater than twice its 
width. If its perimeter is 104 feet, what are its dimensioas? 

16. The length of a single tennis court is 51 feet greater than its 
width. If 9 feet be added to its width, the length remaining as 
before, the court will be a double court whose perimeter is f | of 
the perimeter of the single court. Find the dimensions of each 
court. 

Problems Relating to Ages. 

17. A man whose age is 36 has a son whose age Is 11. In how 
many years will the father's age be twice the son's age? 

18. Four years ago John's age was one-fourth of Henry's; and 
in five years John will be one-half as old as Henry. What is the 
age of each? 

19. The sum of the ages of A, B, and C is 105 years. A is 
twice as old as C and B's age is one-third of the sum of the ages 
of A and C. How old is each? 

Problems Relating to Motion. 

20. A boy swimming at the rate of three miles an hour in quiet 
water strikes out into a current running at the rate of 2 miles 
an hour. How far can he swim going with the current in one hour? 
Against the current in one hour? How long would it take him to 
swim 10 miles down stream and back again? 

21. A boy who can swim at the rate of 4 miles an hour in quiet 
water swims down stream 12 miles and back in 8 hours. What 
was the rate of the current? 

22. A motor boat and a sail boat run over a course 30 miles in 
length, the motor boat with an average speed of 20 miles per hour, 
and the sail boat with an average speed of 8 miles an hour. 
Starting out together and following the same course, how far from 
the starting point will the sail boat be when it meets the motor 
boat returning? 

23. A freighter running from Duluth to Buffalo averages 8 
miles an hour. When 120 miles out from Duluth it is followed by 
the steamer 'Northwest, which averages 24 miles an hour. How far 
from Duluth will the Northwest pass the freighter? 
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24. Two trans-continental trains leave Kansas City at 11 a.m. 
and at 9 p.m. respectively. The first is scheduled to make 30 miles 
an hour and the second 40 miles an hour. How far from Kansas 
City will the second train overtake the first? 

Miscellaneous Problems. 

25. Divide $450 among three boys so that two shall have equal 
sums and the third S30 more than three times the amount received 
by each of the other two. 

26. A man gave to his three daughters $1000, $1500, and $2000 
respectively, with the understanding that at his death the estate 
should be so divided as to equalize the amoimts received by all. 
If the estate was appraised at $22,000 how much of this did each 
daughter receive? 

27. The distance from New York to San Francisco via Panama 
is 400 miles greater than the distance from San Francisco to 
Manila, and 2000 miles greater than the shortest all-rail route 
from New York to San Francisco. The sum of all three distances 
is 13,350 miles. Find the distance from New York to San Fran- 
cisco via Panama. 

28. The number of students attending the universities and 
colleges of the United States in 1912 was double the number in 
attendance for the year 1902 and one hundred fifty per cent greater 
than the attendance for 1892. The total attendance for the three 
years mentioned was approximately 682,000. What was the 
approximate attendance in 1892? 

29. In four of the largest university and college libraries of the 
United States there are 3,000,000 volumes, June, 1912. The 
largest of these libraries contains twice as many volumes as the 
smallest; and 3^0,000 more volumes than the other two, which are 
equal in number of volumes contained. How many voliunes are 
there in each of these libraries? 

30. For the year 1911 the city of New York expended for the 
support of its public schools an amoimt equal to twice the sura 
expended by the whole state of Michigan, and three times the 
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amount expended for the same purpose by the city of Chicago. 
Total expenditures of all three being S66,000,000, what was the 
amount expended by each for the maintenance of its public school 
system? 

31. The diameter of the sun is three and a half times the dis- 
tance from the earth to the moon, and 400 times the diameter of 
the moon. The simi of all three distances, diameter of the sun, 
diameter of the moon, and distance from the earth to the moon, 
is 1,082,100 miles. Find the diameter of the sim. 

Problems Illustrating the Use of the Equation in Geometry. 

.In geometry an equilateral triangle is defined as a triangle all 
three of whose sides are equal; an isosceles triangle, as a triangle 
two of whose sides and angles are equal; and a right triangle, as 
a triangle one of whose angles is a right angle; that is, an angle 
of 90°. The sides forming a right angle are perpendicular to 
each other. The angles of a triangle are usually designated by 
capital letters A, B, and C; the sides opposite by small letters 
a, 6, and c respectively. Unless otherwise stated, such will be the 
significance of these letters in the exercises that follow. 

32. Triangle ABC (Fig. 11) is an isosceles triangle whose base 
h is l^V times each of the equal sides, 
a and c; and the sum of whose sides is 
12. What are the sides? 




33. In the same triangle ABC (Fig. 
11), if angle B is a right angle, and the 
Bum of all the angles, A, B, and C is 

2 right angles or 180°, how many degrees in angle A? 

34. Using the triangle ABC (Fig. 11) again, the altitude h 
bisects the angle B, and is perpendicular to the base b. How 
many degrees in each angle of triangle ABD? Of triangle CBD? 
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35. In right triangle ACB (Fig. 12), a is f of 6 and 6 is f of c. 
If the sum of a, 6, and c is 24, what is the 
length of each side? 

36. Using the same triangle, ACB 
(Fig. 12), if angle A is f of angle B, C 





FiG.12 



FiG.13 



being a right angle, how many degrees are there in each 
angle? 

37. What will be the value of each angle and each side of an 
equilateral triangle (Fig. 13) whose perimeter is equal to that of 
the triangle in Example 33? In Example 
35? 

38. In triangle ABC (Fig. 14), angle 
A is I of angle C, and angle C is 20° 
less than angle B. How many degrees 
in each angle? 

39. Using triangle ABC (Fig. 14) again, 
a is 2 units shorter than c, and 6 is 2 units 
longer than c. If the sum of a, 6, and c 
is 31, what is the length of each side? 

40. Using the triangle ABC (Fig. 14), A is § of C and C is J of 
B. The sum of A, 5, and C being 180°, how many degrees are 
there in each angle? 
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(b) Plot 

58. Location of Places on the Earth. With a map of 
the earth before you let us suppose you are told that: 

(1) A city is in 40° N. latitude. From this fact alone 
would you be able to give the exact location of the city? 
Why? 

(2) A city is in 80° W. longitude. From this fact 
alone would you be able to give the exact location of the 
city? Why? 

(3) A city is in 40° N. latitude and 80° W. longitude. 
Since the city lies at the intersection of two lines, the 40th 
parallel of North latitude and the 80th meridian of West 
longitude, you could now fix its exact location. 

From the foregoing it will be observed that, in order 
to give the exact location of a city, there must be given 
(1) two fixed lines of reference, a standard meridian (usually 
that of Greenwich) and the equator; (2) the distance in 
degrees of the place from each of these lines of reference; 
(3) the direction of the place from each of these lines of 
reference. 

69. Location of Points (on squared paper). 
Let us assume that (1) XX' and YY' are two straight 
lines intersecting at right angles at 0. (Fig. 15.) 

(2) A side of one of the small squares is -^^ of an 
inch in length and is to be taken as the unit of distance. 
Then the number '2 will correspond to a distance twice 
that of the unit, the niunber 3 to a distance three times 
that of the unit, etc. 

(3) Distances are to be measured along or parallel to 
XX' and YY\ 

(4) Distances to the right of YY' are positive; distances 
to the left of YY' will then be negative. 
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(5) Distances above XX' are positive; distances below 
XX' will then be negative. 

(6) In measuring the distances to any point, the distance 
along or parallel to the line XX' shall be measured first 
and that along or parallel to YY\ second. 

With the foregoing assumptions in mind point A will 
be found to lie 10 units to the right of YY' and 8 units 
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above XX'. A is designated as the point (10, 8). (Observe 
here that the number first written, 10, is the distance of 
the point from YY', measured along XX'; and the second 
number, 8, is the distance from XX', measured along YY'.) 
Point B will be found to lie 15 units to the left of YY' 
and 10 units above XX', and is designated as the point 
(—15, + 10). Point C will be found to lie 4 units to. 
the left of YY' and 12 units below XX' and is designated 
as the point (—4, — 12). Pdnt D will be found to lie 
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15 units to the right of TF' and 12J units below XX' and 
is designated as the point (15, — 12^). 

Since every one of the four points A, B, C, and D lies 
in the surface of the paper and corresponds to a pair of 
numbers and since the number of such points lying in the 
surface of the paper that may be thus designated may be 
increased indefinitely, it follows that every point in the surface 
of the paper corresponds to a pair of numbers, one or both 
of which may be positive, negative, integral, or fractional. 

60. Coordinates. The lines XX' and YY' as used in 
the preceding paragraph are called axes; and their inter- 
section, designated 0, is called the origin. The distances 
of a point from the axes are called the coordinates of the 
point. Thus, 10 and 8 are the coordinates of -4; — 15 
and 10 are the coordinates of B in the preceding paragraph. 
The coordinates of the origin are (0, 0), The coordinate 
first given is called the abscissa, and that given second, 
the ordinate of the point. 

Thus 10 is the abscissa and 8 the ordinate of A in the 
foregoing discussion. 

EXERCISE 

(Use cross-section paper) 

61. Locate the following points: 

1. (6,3); (4, -5). 

2. (-7, -2); (-5,4). 

Locate the following points and using ruler test them to see 
if a straight line may be drawn through any three of them; 

3. (-1, -1); (-1, -2); and (-1,4). 
.4. (-2, -2); (1,-1); and (-1,0). 

5. (0, - 1); (0, - 2);. -(2, 2); and (- 2, 2). 
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Construct the following lines: 

6. A line such that the abscissa of every point on it is — 3. 

7. A line such that the abscissa of every point on it is 2. 

8. A line such that the abscissa of every point on it is 6. 

9. A line such that the ordinate of every point on it is 3. 

62. The Graph of a Linear Equation in Two Letters. 

The equation a: + r/ = 10 is satisfied if a: = 1 and y = 9; 
or if a: = 2 and y = S; or if a: = — 1 and y = 11, and 
so on indefinitely for any pair of values whose sum is 10. 
It should be noted that any change or variation in the 
value of one of these numbers is accompanied by a change 
in the value of the other. Two unknown numbers standing 
in such relation to each other as that indicated by the 
equation x + y = 10 are called variables. 

Tabulating some of the pairs of values that satisfy 
the equation x + y = 10, as at the 
right, we shall consider each of these 
pairs of values as the coordinates of a 
point, the x-value being the abscissa 
and the y-value the ordinate. 

Plotting these points, as in Fig. 16, 
A is the point that corresponds to the 
first pair of values, x = 0, y = 10. Simi- 
larly, B corresponds to a: = 1, 2/ = 9; 
C to a: = 2, y = S; D to x = S, y = 7; and £ to x = 10, 
2/ = 0. 

Obviously by choosing values of x that differ from each 
other by very small fractions, the corresponding values 
of y will differ from each other also by very small fractions 
and we shall thus have a succession of points lying as 
close together as we choose. Apparently A, B, C, D, 
and E all he in a straight Une of indefinite length, and we 
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infer * therefore tl^at a straight line of indefinite lengthy of which 
AE is a part, is a representation of the equation x + y = 10. 
Such a figure is called a graph. We shall a^sumey therefore, 
that the graph of a linear equaiion in two letters is a straight 
line. 

Moreover, since a straight Une is determined by any 
two of its points, it will be suflScient in constructing the 
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graph of a Unear equation in two letters to plot any two 
points whose coordinates satisfy the given equation and 
then draw through these two points a straight line. The 
two points most conveniently plotted are generally the 
two in which the Une cuts the axes. The coordinates 



* It can be proved that the graph of any linear equation in two 
variables is a straight line, but such proof is beyond the scope of this 
book. 
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of these two points are found by putting^ first x and then 
y equal to zero in the equation. Thus in the equation 
X + y = lOy putting x = 0, gives y = 10; and putting 
y = 0, gives x = 10. Therefore, the straight line cuts the 
a:-axis in the point (10, 0) and the y-axis in the point (0,10). 
and these two points are sufficient to determine the graph. 

EXERCISE* 

(Use crosa-section paper) 

Construct the graph of each of the following: 

1. X -f 2/ = 5. 2. a: - y = 3. 

3. 2x +3y = 12. 4. 3a:- 2y =0. 

6. 4 a: - 3 y = 12. 6. 3 a; - y = 0. 

7. a; = 5. 8. y = - 2. 
9. a; = 0. 10. y = 0. 

To be answered orally: 

11. Does the point (2, 3) lie on the line whose equation 
x + y = 5? 

12. Give coordinates of other points that lie on the line whose 
equation b a; + y =5. 

13. Does the point (5, 2) lie on the line whose equation is 
a; - 2/ = 3? 

14. Give coordinates of other points that lie on the line whose 
equation is a; — y = 3. 

15. How do you determine from the coordinates of a point 
whether the point lies on a line whose equation is given or not? 

16. Does the line whose equation is3x — 2y =0 pass through 
the origin? 

17. How do you tell from the form of an equation whether 
the graph will pass through the origin or not? 

* Tabulate the values of x and y as in § 62 ij) all cases, always 
putting x-values to the left of the ^/-values. 
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18. Where does the line whose equation is x = a lie? 

19. Where does the line whose equation is t/ = — c lie? 

20. Where does the line whose equation is t/ = a lie? 

63. The Graphical Solution of Two Linear Equations 
in Two Letters or Variables. 

Let the two given equations be a; + y = 5 and x — y = 1. 

(1) The graph of each of these equations, constructed 
as in § 62, is shown in Fig. 
17. 

(2) It will be observed 
that the two lines intersect 
at the point (3, 2). 

(3) Since the point (3, 
2) lies on both lines its 
coordinates must satisfy 
both equations. By actual 
trial this is found to be 
true; for 3 + 2 = 5 and 
3-2 = 1. Therefore, the 
equations x + y = 5 and 
X — y = I have a common solution in a: = 3 and y = 2, 

Moreover, since two straight lines can intersect in only 
one point the two given equations can have but one conunon 
solution. 

(4) A solution of equations obtained in this manner 
is called a graphical solution. 

From the foregoing it will be seen that a graphical 
solution of two linear equations in two variables consists 
in (1) constructing the graphs of the two equations; 
(2) determining the coordinates of the point of inter- 
section. The abscissa of this point of intersection is the 
value of X and the ordinate the value of y that satisfies both 
equations. 
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EXERCISE 

Solve the following puis of linear equations graphically: 
1. 2 z -y ^ 10. 2, X +y ^7. 

3. a; - y = 9. 4. 2 x — y = 1. 
a; + 2 y = 12. x +y ^2. 

6. 5 a; - y = 19. 6. 2 x - 7 y = 9. 
x+5y = -25. 5a:+3y-2. 

7. 3a;-2y = l. 8. 3a;-2y=4. 
a:4-y = l. 5x— 4y-7. 

9. 2 a; + y = 0. 10. x -- y = 2. 

4x+6y=-3. X +y = -8. 

64. Simultaneous Linear Systems. It has been shown 
in § 53 that a linear equation in one unknown has but one 
value of the unknown number which will satisfy the equa- 
tion. Such an imknown number is called a constant. 

It has been shown in § 62 that a linear equation in two 
letters has an indefinite number of pairs of values of the 
unknown numbers which will satisfy the equation. Such 
unknown numbers are called variables. 

Two or more equations with two or more unknown 
numbers constitute a system of equations. A system of 
equations is called simultaneous if the same values of the 
unknown numbers satisfy every equation of the system. 

The solution of a set of two simultaneous linear equations 
by the graphical method has been given in § 63. We shall 
now proceed to the more general method of solving such 
equations known as the solution by elimination. 

66. Elimination is a process used in getting rid of all 
the unknown numbers except one in a set of simultaneous 
equations. The general solution of simultaneous equations 
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depends upon the elimination of unknown numbers, as illus- 
trated in the following examples: 

Illustrative Solution of Simultaneous Linear Equations. 

Solve, (l)x4-2y = 5. (2) a: - y = 2. 

SoltUion. 
(1) a; + 2 y = 5, equation (1) as given. 

(3) 2 X - 2 y = 4, equation (2) multiplied by 2. Axiom 3: Equals 

multiplied by . , . )• 

(4) 3x = 9, adding equations (1) and (3) together. (Axiom 

1: Equals added to . . . ). 

(5) « = 3, dividing both sides by 3. (Axiom 4: Equals 

divided by equals . . . ). 

(6) 3 y = 3, subtracting equation (2) from equation (1). 

(Axiom 2: Equals subtracted from . . . ). 

(7) 2/ = Ij dividing both sides by 3. (Axiom 4: as above). 
Therefore, a: = 3, and y = 1, is the required solution. 

Check, 3+2-1 =5, putting x =« 3 and y = 1, in equation (1). 
3 + 2 = 5, or 5 = 5. 
And 3-1=2, putting a; = 3 and y = 1 in equation (2). 

2-2. 

A study of the process of elimination leads to the following 
rule: // the coefficients of either of the unknown numbers 
are equaly that number may he eliminated at once by addition 
or subtraction; and the resulting equation, which contains 
hut one unknown number, may be solved in the manner of 
any linear equation containing but one unknown number. 
If the coefficients of either of the unknown numbers are unequal, 
either or both of the equations may be multiplied by such number 
or numbers as will make these coeffixAents equal. The equations 
thus obtained may be treated as in the first instance and a solu- 
tion found. 



i 
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EXERCISE 

66. Solve each of the following examples according to § 65. 
Check answers. 



1. 2 X - 2/ = 10. 


2. 


a; + y = 7. 


z - 2 2/ = 2. 




- a; + 3 y = 5. 


-hi- 


4. 


7 y - 4 a; « 59. 

y +x = -1. 


^ y ^ 


6- 


.4 » + .9 a = 3.35. 


2-3-^2- 




t; - 2 a = 2. 


6. 10 !/ + 3 a; = 16. 


8. 


4 li - 3 < = 34. 


2/+4X = -7. 




2 tt + < = 22. 


7. 5 - 1? = 9. 
5 + 2 r = 12. 


10. 


2-^3'^- 


9. 2m -n = 1. 

w + n = 2. 




.+|«9. 


11. 5r -s = 19. 


12. 


1.6 s - 2.6« = 10. 


r ^bs 25. 




.04 s + .75 « = 10.03. 



In the following problems represent each of the unknown 
numbers by a different letter and solve the resulting simultaneous 
equations: 

13. The sum of two numbers is 24 and their difference is 10. 
Find the numbers. (Suggestion. Let n' and n" represent the 
numbers. Then n' + n" = 24, etc., 

14. The sum of two numbers is s and their difference is d. 
Find the numbers. 

15. A farmer bought 100 acres of land for $4500. He paid 
$30 an acre for part of it, and $60 an acre for the remainder. Ho^v 
many acres of land did he buy at each price? 

16. Tickets to a school entertainment were sold to adults at 
60 cents each and to children at 25 cents each. The admission 
receipts were $110 and the number of tickets sold was 250. 
How many tickets of each kind were sold? 
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17. A lot whose length exceeds its width by 40 feet has a 
perimeter of 240 feet. What are its dimensions? (Compare with 
examples in § 57.) 

18. The 600 employees in a factory receive $4800 in wages 
every Saturday night. The men's wages average $2 per day and 
the wages of all other employees average SI per day. How many 
men are employed? 

19. At a certain primary election there were 324 votes cast 
and the nominee had a majority of 34. If there were but two 
candidates, how many votes did each receive? 

20. Fifty laborers were engaged to work upon a bridge; some 
of them were to receive $1.80 per day, others were to receive $3 
per day. On completing the work it was found that all together 
received $96. How many laborers were employed at each rate? 

21. Two boys start for school at the same time; one lives 
half a mile east of the schoolhouse and the other lives 112 rods 
west of it. If the first walks at the rate of 32 rods per minute 
and the second at the rate of 22 rods per minute, in how many 

' minutes will they be at equal distances from the schoolhouse? 

22. A merchant has two kinds of tea that cost 30 cents and 40 
cents respectively per pound, and desires to make up a mixture 
containing 50 pounds that will cost him 32 cents per pound. How 
many pounds of each kind must he use? 

23. Commercial alcohol is 95% pure. How many quarts of 
water must be added to 20 quarts of such alcohol in order that 
it may be reduced to 80% pure? 

24. If 100 pounds of sea-water contain 3 pounds of salt, how 
much fresh water must be added to 200 pounds of sea-water in 
order that the new mixture may contain only 1 pound of salt to 
100 pounds of water? 

25. The perimeter of a football field is 920 feet and the length 
is 20 feet less than twice the width. What are its dimensions? 

26. The distance from Chicago to St. Louis is 300 miles. Two 
automobiles start out at the same time, one from each city, and 
run at the rate of 15 and 20 miles per hour respectively, until 
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they meet. How many miles will each have gone when they 
meet? 

27. The total land area of the United States and its possessions 
is approximately 3,750,000 square miles; the area of the United 
States is 1,500,000 square miles more than double that of its 
outlying possessions. Find the area of the United States. 

28. In 100 pounds of milk of a certain grade the liquid part 
weighs 7 times as much as the solids; the solids other than butter- 
fat weigh 3 times as much as the butter-fat. How many pounds 
of butter-fat are contained in the 100 pounds of milk? 

29. In the reduction of iron ore, a mixture of the ore with 
limestone and coke is put into the smelter. If on a certain day 
20,000 tons of the mixture were put into the furnace, and if the 
quantity of coke used was three times the quantity of limestone, 
and the quantity of limestone w£is six times the quantity of ore, 
how many tons of each were used? 

30. For the year 1911 the average earnings per mile of a certain 
system of railroad were $4500. The freight earnings were $500 
per mile better than the passenger earnings and the latter were, 
double the earnings from all other sources such as rentals, express, 
mail, etc. What were the freight and passenger earnings per mile? 



CHAPTER V 

MULTIPLICATION AND DIVISION-LINEAR SYSTEMS 
IN TWO UNKNOWNS 

(a) Multiplication 

67. Principles. We learned in arithmetic that 4x5 
= 5X4. 

We shall now assume that 

I axb = bxa, 

where a and 6 represent any two numbers whatever. 
This means that the product of two numbers is the same in 
whatever order they may be taken. 

We also learned in arithmetic that 3 X (2 X 5) = 
(3 X 2) X 5; in other words, that 3 X 10 = 6 X 5. We 
shall now assume that 

II a X (b X c) = b X (c X a). 

This means that the product of several numbers is the 
same in whatever way they may be grouped. 

Again, we learned in arithmetic that 3 X (4 + 5) = 
3X4 + 3X5; in other words, that 3 X 9 = 12 + 15. 
And we shall now assume that 

III a X (x + y) = ax + ay, 

where a, x, and y are anj'- numbers whatever. This 
means that the product of the sum of two or more numbers by 

67 
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another number is the same as the sum of the products obtained 
by multiplying each of these numbers separately by the other 
number. 

From arithmetic we know that 0x2 = 2x0 = 0. 

In general we shall assume that 

IV Oxa = axO = 0. 

68. Law of Exponents in Multiplication. From the 
definition of integral exponent, § 14, we have, 

32 =3 X 3; 
and 3^ = 3 X 3 X 3 X 3. 

Hence, 3- X 3^ = (3 X 3) X (3 X 3 X 3 X 3) 

=3X3X3X3X3X3 

= 3«. 
In general, 

a^ Xa^ = {aXa) X {ax aXa) 

=aXaXaXaXa 
= a2+3 = ^5^ 

Therefore, when p and q are integers, 

V a' • a*» = a' + *>. 

This means that the exponent of any letter in the product 
equals the sum of the exponents of that letter in the terms to 
be multiplied together. 

It is very important to observe here that when letters 
are used to represent numbers in algebra, different letters 
represent different numbers; and hence, a^ • H^ does not 
equal a^ nor 6^, any more than that 22-7^ = 2^ or 7^. 

69. Law of Signs for Multiplication as stated in § 30, 
is as follows: Like signs produce positive results; unlike 
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signs prodiice negative results, whether the coefficients be 
literal or numerical. 

70. Multiplication of Monomials. 

Example. Multiply 4 a*c* by — 3 ahc. 

Solution. 4 a» c* X - 3 a6c = - 12 a*bcK 

Explanaiion, The sign of the product is — since the two 
terms to be multiplied together have unlike signs. The exponent 
of a in the product is 4, since that is the sum of the exponents 
of a* and a. The exponent of b in the product is the same as 
in the given term, since it does not occur in the other term. The 
exponent of c in the product is 3, since 3 is the sum of the exponents 
of c in the given terms. 

Check. 
Let a == 6 = c = 1. 

Then 4 a»c = 4 X 1 X 1 = 4, 
and -3a5c=-3xlXlXl = -3. 

4x(— 3) = — 12= product of numerical values. 
But - 12 a*hc^ =-12xlXlXl=-12= numerical value 
of product. 

Therefore, since the product of the numerical values is the same 
as the numerical value of the product, we conclude that the result 
is correct. 

In like manner we may show that, 
( - 2 ab^c) X ( - 3 a^bc^) = 6 a»6»c». 

Also, that (-2ab) X (- 3a6) X (- 4a6) = - 24 a»6». 

(First multiply - 2 a6 by - 3 a6 and then that product by 
-4 05.) 

In hke manner, 
(- 6 ac) X (- 2 ac) X(- ac) X (- 4 oc) =48 a*c*. 

Observe that an even number of — factors produces a + 
product; an odd number of — factors produces a — product. 
For, an even number of — factors may be multiplied together 
two at a time and aH the factors used; these +. products may 
then be multiplied together, giving a final + product. On the 
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other hand, an odd number of — factors cannot all be used in 
multiplying them two at a time as there would remain one — 
factor unused. This remaining — factor multiplied into the 
other products, which would be positive as before, will give a 
final — product. 

In the multiplication of monomials it will be seen from 
the foregoing solution that: 

(1) The coefficient of the prodiict is obtained by multiply- 
ing together the coefficients of the given monomials, dvs atten- 
tion being given to the signs. 

(2) The exponent of any letter in the product is the sum 
of the exponents of that same letter in the given m^onomials. 

EXERCISE 

Perform the multiplications indicated and check results by 
substituting numerical values for letters used. 

1. - 5 a«6 X 3 6*c. 2. 10 m^n* X -2mK 

3. - mnpq X - 3 p^qRs. 4. 4 ^f X - i gtK 

6. 7 oc* X 3 a»6 X - 2 a6 V. 6. - | x»y* X I a:y» X - 5 xy, 

7. -ScdX-^deX-ice. 

8. 2 • 5 m*n* X 3 • 2 m^n X - 1 • 5 mn*. 

9. - 2 05 X - a6c X - 10 c X - 5 a6. 

10. 3(a - 6) X - 2 (a - b). 

11. - 7 (a;« - t/*) X - 4 (x* - y*). 

12. - 3 (m + n) X - (m + n). 

13. c{x -y) Xd{x -y) X -e{x - y). 



«..o(f).-2(f). 



16. a"* X a^. 16. a' X d^ X a^ 

17. - 2 a*" X 3 a** X a^. 18. 10a"» X - 4 a'*. 

19. -a"^ Xa^ Xa*. 20. - 5 iT X 4 y"^"^ X y~ 
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71. Multiplication of Polynomial by Monomial. 

Example. Multiply 2 x* - 3 y by 4 xy. 

SoliUwn. ^xy X {2x* -Zy) =4xy X2x* + 4 xy X (-3y) 

^Sx*y - 12 xy*. 

The work for this problem is often arranged as below: 

2 X' — Zy number to be multiplied 

4xy number by which we multiply 

8x»2/ — 12 xy* product 
Check, Let x = y = 1. 

Then 2x«-3y=2-3 =-1 

4xy«4xlXl='4 

— 4 = product of numerical 
values. 

But 8 x' - 12 xy* = 8 — 12 = - 4 = numercial value of product. 

Therefore, since the product of the numerical values of the 
numbers to be multipUed is the same as the numerical value of 
the product, we conclude that the result is correct. 

The following rule for the multiplication of a polynomial 
by a monomial is based upon the foregoing solution: 

(1) Arrange t?ie terms of the polynomial in any convenient 
order. 

(2) Multiply each term of the polynomial by the monomial 
as in § 70. 

(3) Collect these products into a single expression. 

EXERCISE 

Multiply and check each of the following: 

1.-7 ah^iS ac -2 a^hc + aha). 2. - xt/(2 x« - 4 xy -f 2 1/*). 

3. 10 m«n»(2 w« + 4 mn + 2 n*). 4. 25(a» + 2ab +h^). 

6. 12 a«(4 a* + 12 a6 + 9 6«). 6.-3 xy(mn + ah - pq). 
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4\4 4/ 



8.-3 x(ax - 6x« + 3 ex*). 



9.-7 6c(a2/' + 6i/ - 3 q/). 
10. J (ox') ( - 9 a - 12 a; - 42 ax). 

72. Multiplication of Polynomials. 

Example. Multiply a* -\- ab + b* by a + 6. 
Solution, a^ -\- ab + 6* first number. 

a -f & second number, 
a' + a^fe + rtfe* product of (a) and first number. 

a^b -f afe* +6' product of (6) and first number, 
a* + 2 a^ft + 2 afe* + 6» adding similar terms. 

Check. Jjet a = 6 = 1. 
Then a» + a6 + 6^ = i _^ 1 ^ 1 = 3 

And g +& = 1 + 1 =2 

6 = product of the numerical 
values. 
But a» + 2 a^fe + 2 aft* + 6' = 1 + 2 + 2 + I = 6 - numerical 

value of product. 

Therefore, since the product of the numerical values is the 
same as the numerical value of the product, we conclude that 
the result is correct. 

Observations upon the foregoing solution lead to the 
following rule for the multiplication of polynomials: 

(1) Arrange the terms of both expressions according to the 
powers of some letter contained in those terms, 

(2) Multiply all the terms of one expression in succession 
by each of the terms of the other and add resulting produds, 

EXERCISE 

Perform the multiplications indicated and check resiilts. 

1. x^ + x^ + xy^ + 2/« 2. 3 a» - ab^ + &' 

x - y 2 a6 + 6» 
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3. 1 - 2 x + 3 x* 4. o* + o»6 + a%* +ab* +b* 

1 — X o — 6 

• 

6. 2 o - o'fe + 4 o»6« - a* 
1 - 6 - o« • 

6. m* + 4m*n + 6 n*m' + 4 win' + n* 

w* -h 2 mn + n* 

7. a;«y + a;» + xy^ + y' 
gy -h x^ - y^ 

First arrange terms as below. 

X* + x*y + xy^ + t/» 
x^ -\- xy — 2/* 

8. (»«« + 2?«2 + ^8 _ 3) (^^2 _ 3 ^2 + 4). 

9. (4 X* - 12 x^i/* + 9 y*) {x^ '-2xy + t/'). 
10. {at -^iat^ + iat^ -^i at') {2 at -4: at^). 

\2 3 4/\2 3 4/ 

12. (a2» + 2 a'^fe'* + fe^n) (^2» _ 2 a^6» + fe*"). 

13. (3^ + 2^) (3^ - 2^^). 

14. (5« + a*) (5^ - 2 a«). 

16. (a* -|a+i)(a«+a - }). 

16. (x^ - xy -\- y^) {x -\- y), 

17. (- ct/ +d) (at/ - ci/2). 

18. (x2 + xt/ + 2/2) (.t2 - xy + 2/2). 

19. (a^ - 6^ (a^ + fe^). 

20. (a* + ftJ' + cP) (a*^ + 6^1/ _ c^p). 
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(b) Division 

73. Principles. We ^earned in arithmetic that 3 -^ 4 

may be expressed as a fraction J. In general, we shall 

a 
assume that a -^ 6 may be written as a fraction — . Also 



that a^ -^ a^ = — = ZZ . = ^'^^ ^ • 
a^ 4'4-4 

VI Hence, a^ -f- a* = a^-^ 

For the present we shall assume that p is always greater 
than g. 

This means that the exponent of any letter in the quotient 
is found by subtracting the exponent of that letter in the divisor 
from the exponent in the dividend. 

Again, we observed in § 67 that 

OXa = aXO = 0. 
Hence it follows that 

VII -^ a = 0, if a 5^ 0. 

This means that zero divided by any number other than 
zero is zero. 

But a -7- and 0-4-0, that is, division by is excluded 
in this discussion. 

As noted in § 30, the law of signs is the same for division 
as for multiplication: Like signs produce positive and unlike 
signs produce negative results. 
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74. Division of Monomials. 

Example. Divide 20 a^b* by 4 a^h, 
Sotutian. 20 a*h* -^ 4 a'fe =5 abK 

For, 20 -^ 4 = 5, 

a* -i- a^ ^ a (i 73), 
b*-irb ^b* a 73), 

Check. 20 a^b* = 20, if a = 6 = 1. 

4 a^b = 4, 

and 20 -^ 4 = 5, quotient of numerical values. 

But 5o6» = 5, if a = 6 = 1. 

Therefore, since the quotient of the numerical values is the 
same as the numerical value of the quotient, we conclude that 
the result is correct. 

As observed in the foregoing solution the quotient of 
one monomial divided by another may be obtained as 
follows: 

(1) The coefficient of the quotient is found by dividing 
the coefficient of the dividend by the coefficient of the divisor, 

(2) The exponent of any letter in the quotient is found 
by subtracting the exponent of that letter in the divisor from 
the exponent in the dividend. 

EXERCISE 

Perform the operations indicated and check as above. 

1. 25 a*6»c« ^ ba'^bc, 2. - 64 mW -J- 16 mn. 

8. - 120 xV2* -^ - Ibx^H^. 4. a^b^ ^ - a^b^, 

(Suggestion: 2* -r- 2* = 2® = 1, since any number is contained 
in itself once.) 

5. -i-5m^, 6. (- 3 a^b)* ^ 9 a 6. 

7. (- 3)« ^ (- 9)«. 8. (a; - y)* - - (a; - y). 
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9. —z rr' 10. a*'»-^ a**". 

11. a" -^ a. 12. - 10 x^z/*' -^ 2 x^y^. 

13. 3 a^'c" ^ - ac, 14.-9 x^'hj^ -i- -3x^. 

15. m*{x^ - y^)^ -^ — m^{x^ — y^). 

16. - 10 a2fe5 X 4 a'^fe<c2 ^ - 8 a^fec*. 

17. m^n^ X - 16 m^n^ ^ 4 m^n^. 

18. 12 a'^c" X 4 a^'^c^'' -r- 16 a^c, 

19. a*(x"» - i/"')3 X a2fe2 (x"» - !/*») -^ a«*(x'» - j/«). 

20. x^y^z^ X x^^y^z* -r- x^y^^z^, 

75. Division of Polynomial by Monomial. 

Example. (12 x*r/» - 20 x^y^ + 8 x^y*) -s- 4 x^y*. 

Solution. 12 x*2/3 -i- 4 x^t/^ = 3 x^^/. (§ 74.) 

- 20 x^^ ^ 4 x2t/2 = - 5 x^. (§ 74.) 
8 x*y* -^ 4 x^^ = 2 x^\ (§ 74.) 

Adding terms we have Sx^y — 5 x^ +2 x^y^ 

as the quotient of (12 x*y^ — 20 x*^» + 8 x*y*) -?- 4 x^y*. 

C/iecA;. Let x = t/ = 1. 

Then 12 x*y^ --20 x^' + 8 x^y* = 12 - 20 + 8 = 0, 

and 4 x*2/* = 4 X 1 X 1 = 4. 

-^ 4 = 0, (VII). 

But 3 x^i/ - 5 x«i/ + 2 x^* = 0, if X = 2/ = 1. 

Therefore, since the quotient of the numerical values is the 
same as the numerical value of the quotient, we conclude that 
the result is correct. 

From the foregoing solution we have the following rule 
for the division of a polynomial by a monomial: 

(1) Divide each term of the polynomial in succession by 
the monomial as in § 74, giving due attention to signs. 
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(2) Add the resulting quotients by bringing them down in 
succession, each with its own sign. 

EXERCISE 

Perfonn operations as indicated, checking each result. 

1. (a;« - 3 x^i/ + 3 xy^) -^ x. 

2. (4 a^h^c^ - 20 a*b^c + 16 a^h^c^) -r 4 a^bc. 

8. 8(a» - 6»)> - 6(x» + y^) - 12(w* - n*) -^ - 2. 
4. (x'" - 2/")* 4- (x*" - t/")' - (x»» - !/»)» -r- (x"» - 2/*»)«. 
6. ( - o^'ft^c*' + 2 a2"»6»»c<« - 4 a6c) -^ afec. 
3 m^n* + 4 mnc + 8 m^n^c^ 



6. 

7. 

8. 

9. 

10. 



2 mn 
?)< +a<» - 3at^ 

t 
nx^ -\-hx^ -\- dx^ 

x^ 

gfn-n 4. 5 q2 _ 3 ^n^ - g^-^n ^ 

- 10 T^y*" - x°y^ 4- 7 x^ ~ 2 y* 
x^y^ 



76. Division of Polynomial by Polynomial. 

Example 1. Divide a* +3ab^ +b^ +3 a^b by a^ +2 ah + b*. 
Arranging terms according to decreasing powers of a. 
a* +3a% +3ab^ + 6» \ a^ +2ab +b^ dividend and divisor. 

Ist term 2d term. 

[ g + ^ quotient. 
o» + 2'a^b + ab* , product of divisor and first term of 

quotient. 
a% + 2 o6* + 6' remainder with 6*, last term of dividend 

brought down. 
o'6 + 2ab^ +b* product of divisor and second term of 
' quotient. 
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Since there is no remainder and since all the terms of the 
dividend have now been used, the division is complete. 

Explanation. Having arranged terms according to decreasing 
powers of a, the first term of the quotient, a, was found by 
dividing the first term of the dividend, a*, by the first term of the 
divisor a*. Thus, a* -^ a* = a. The product of the divisor 
a* -h 2 a6 -h &*, and a, the first term of the quotient, was found 
to be a» 4- 2 a*6 -f- oh^y which was written underneath the dividend 
so that similar terms should stand in the same column and sub- 
tracted. 6», the last term in the dividend, was then ^brought 
down along with the remainder, forming the expression, 
a% + 2 a6* + 6'. The first term of this expression, a^ft, was then 
divided by o*, the first term of the divisor, giving b, which was 
written down as the second term of the quotient. The product 
of the divisor a* + 2ah -{-b^ and 6, the second term of the quotient, 
was found to be a*6 -f 2 a6* +6', which was written underneath 
the corresponding similar terms of the remainder and subtracted. 
There being no remainder this time and all the terms of the 
dividend having been brought down and used, the division is 
said to be complete and the quotient is a + 6. Moreover, 
since there is no final remainder the division is exact. 

Check. Let a = b = 1. 

Then a» + 3 a^fe -f- 3 afe» + 6» = 1 + 3 + 3 + 1 « 8, 

and a* + 2 a6 + 62 =1+2 + 1=4, 

8 -^ 4 = 2, 

But a + 6 = 2, if a = 6 = 1. 

', Therefore, since the quotient of the numerical values is the 
same as the numerical value of the quotient, we conclude that 
the result is correct. 

Another method of checking in division is to multiply divisor 
and quotient together, adding to this product the remainder, 
if any. This result should be the same as the dividend if the 
work is correct. 
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Example 2. The division of x* -\- 3x^ -\- y' by z + y shows 
a final remainder; that is, the division is not exact. The work 
is given below. 

Arranging terms according to decreasing powers of x and 
observing that the first power term in x is missing, and may 
therefore be considered as a term with zero coefficient, we have: 

a:» 4- 3 x^y + xy^ + y^ \ x -{- y dividend and divisor as arranged. 

Ist term 2d term 3d term 

[ x* + 2xy — 2y* quotient. 
x» +x*y product of {x -f y) and (x*). 

2 xhf +Oxy* -\- y^ 1st remainder with dividend terms 

brought down. 
2x*y +2 xy* product of (x + y) and (2 xy). 

— 2xy^ + 2/' 2d remainder. 

- 2 xi/» - 2 y» product of {x + y) and (- 2 y*). 

+ 3 y' final remainder, since, not containing x, 
it can no longer be divided by x,» 
the first term of the divisor. 
The quotient then of (x» 4- 3 x*y + 2/') -i- {x +y) is 

3t/» 



x« + 2 xy - 2 y« + 



X +y 



Observe that the last term of this result is the remainder 
written over the divisor as a fraction and is preceded by the + 
sign of the remainder. 

The following rule for division of polynomials is based 
upon observations of the foregoing examples: 

(1) Arrange terms of dividend and divisor from left to 
right according to the decreasing powers of some common letter. 

(2) Divide the first term of the dividend by the first term 
of the divisor to get the first term of the quotient. 

(3) Multiply each term of the divisor by the first term of the 
quotient; write the terms of .the product under the similar 
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terms of the dividend and subtract. If in this jyrodud there 
should be a term that is not similar to any of the dividend 
terms, place it at the right of other terms in the product and, 
when subtracting, bring dawn this term with its sign changed, 

(4) // there be a remainder, consider it together with the 
next term of the dividend as a new dividend and proceed as 
before, keeping the terms arranged in the new dividend as 
they were in the first dividend, 

(5) If the division is not exact, write the final remainder 
over the divisor in the form of a fraction ai the right of the 
quotient, prefixing to the fraction the sign of the remainder, 

EXERCISE 

Perform the following divisions and check results: 

1. (m« -8m + 15) -5- (m - 5). 

2. {a^ -a - 12) -^ (a - 4). 

3. (64 a*b' - 16 a%^ + 1) -^ (8 a^fe* - 1). 

4. (32 x2 +28xy - 15 ij^) -^ (4 x -f 5 y), 
6. (2/» - 8 2/2 - 5 2/ + 84) ^ {y - 7). 

6. (t;» - 5 u^a + 9 »a2 - 9 a«) ^ (t;^ - 2 m + 3 o«). 

7. (a* -h 7a» + 14 a - 15 - 11 a2 - 2 a*) -^ {a^ - a + 3). 

8. (- 8 - 8 a:2 + 4a: - 2 x» + 4 x<) -^ (2 + 3 a;« - x). 

9. (56 x< -f 119 x^^ -h 45 y* - 47 xy^ - 53 x»2/) 

^ (-4x2/ +7x» -9j/*). 

10. (1 - 18 m« + 81 w<) -^ (9 m2 - 6 w -h 1). 

11. (a'*" - 3 a2"»6« -f- 3 a'^ft^" - 6*») -^ (a*" - 6*»). 

12. (m«+» + 3 m«+' + 3 m«+' + m« + 1) ^ ( w«+^ + 1). 

13. (a3»» - fe3n) ^ (^^m _ 5n) 



j^ /a. «>_6 aftf 6^\ /a_ 6\ 
\8 ^ 4 ^ 6 27/ \2 3/ 
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16. (8a« -27r«) -^• (2a« -Sv). 

16. (m* — w'n* + n*) -h (w* + mn + n*). 

17. (x» -h 3 x«y - 3 xj/2 + j/») -^ (x + y). 

18. (x«« + 5 a;« + 6) -i- (a;« + 2). 

19. {a^P -la^v + 12) -f- (a'!* - 4). 

20. (a;^ - t/«) ^ (x - j/). 

(c) Simultaneous Linear Equations 

77. The Graphical Solution of simultaneous linear equa- 
tions has been considered in § 63; and in § 65 another 
method of solution, knoiisTi as elimination by addition and 
subtraction^ has been studied. We shall next consider the 
solution of these equations by the methods known as 
elimination by substitution j and elimination by comparison. 

Example 1. Let (1) a; - i/ = 10, 

and (2) 2x +3y = 30 be two simultaneous equa- 
tions. 
Solve for x and y, eliminating by substitution. 
Solviion. 
(1) a; = 10 4- 2/, adding y to both sides of equa- 

tion (1). 

(3) 2 (10 + t/) + 3 2/ = 30 by substituting in equation (2) the 

above value of x from equation (1). 

(4) 20 + 2 y + 3 y = 30, removing parentheses in equation (3). 

(5) 2 y -h 3 2/ = 30 - 20, subtracting 20 from both sides 

of equation (4). 

(6) 5t/ = 10, collecting terms in equation (5). 

(7) 2/ = 2, dividing both sides by 5, the co- 

efficient of y, 

(8) X— 2 = 10, substituting the above value of y in 

equation (1). 
a; = 10 -f 2, adding 2 to both sides of equation (8). 
X = 12, by combining similar terms. 
Therefore, a; = 12 and 2/ = 2, are the required values. 
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Check. 12 - 2 = 10 or 10 = 10, equation (1). 
2 . 12 + 3 • 2 = 30, or 24 + 6 = 30, or 30 = 30, equation (2). 
Example 2. Let (1) x - y ^ 10, 

and (2) 2 a; + 3 2/ =30, be the same two simulta- 
neous equations as in Ex- 
ample 1, to be solved for 
X and y, eliminating by 
SoltUion. comparison. 

(1) a; = 10 + 2/, adding y to both sides of equation (1). 

(2) 2 X - SO — 3 y, subtracting 3 y from both sides of equa- 

tion (2). 

And X = r 1 dividing by 2, the coefficient of z. 

Hence, 

(3) 10 + 2/ = 5 — ^ since both these expressions represent the 

value of X, 
Solving equation (3) for y, 

(4) 20 +2 2/ = 30 - 3 y, multiplying both sides of equation (3) by 2. 

(5) 2 2/ +3 2/ =30 — 20, adding 3 y and subtracting 20 from both 

sides of equation (4). 

(6) 5 2/ = 10, by combining similar terms in equation (5). 

(7) y = 2, dividing both sides of equation (6) by 5, the coeffi- 

cient of 2/. 

(8) X — 2 = 10, by substituting in equation (1), the above 

value of y. 

(9) a; = 10 + 2, adding 2 to both sides of equation (8). 

(10) a; = 12, by combining similar terms in equation (9). 
Therefore, x = 12 and 2/ = 2 are the required values. 

It will be seen that these results are the same as found by the 
preceding solution. 

EXERCISE 

Solve each of the following examples and problems by the 
method that seems most readily adapted. Check each solution. 

1. x + 2/ = 8, 2. 

Zx +22/ =23 







y 




23 
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^ .2 < + .5 .49 ti - .7 

2x+3j/=13. .5u - .2 4< - L5<+6.7 . 

1.6 " 6.4 

6. 12x - lOy = 14, 6. .08m + .9n = .048, 
y - 2 X = 3. .3 m - .35 n = .478. 

7. 7x "by =52, 8. 5r-i(3r -2« + 5) =11, 
4a; + lOy = 94. 6(r - 4«) - ^{r - «) = 16. 

9. 3 xi - 18 xa = 21, 10. 14 m - 2 n = 1, 

12 xj - Xi = 0. n - 6 m = 0. 

11. 2 ro + 25 n = 15, 

9 fo - 30 ri + 132 = 0. 

^^3j^^2j^, lM(a'-2a)+18=0. 

10 =y -X. .5(4«' -s) = .5. 

14. .4y + .9x = 5.7, 16. 12 j/ = ^^ + 17, 

3 12 12' 

16. s - 5 n = 4 s - 6 n, 

s ~ (5 n - s) + (8 + 4) = 0. 

17. ^'"''^^^ = y' + 2, 18. lOx' + 3x" = 84, 

t , 16 x^ - 3 x" = 72. 

2y' 
x'-f =0. 

PROBLEMS— ONE OR TWO UITCNOWN NUMBERS 

78. 1. A baseball team's schedule calls for 48 games, of which 
36 have already been played. If 25 of the games played have been 
won, how many of the remaining games must be won in order 
that its per cent of games won in the whole series may be 75%? 
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2. A stock broker sold 9 shares of N. Y. Central stock and 7 
shares of I. C. stock for $1702; and at the same time another 
broker sold 6 shares of N. Y. Central and 5 shares of I. C. stock 
for S120L If the selling price per share for each kind of stock 
was the same in both instances, what was the price per share? 

3. Weights of 12 and 18 pounds are fastened to the ends of 
a 12-foot teeter board.* Where must the support be placed in 
order that the board may balance? 

* The principle involved in the teeter board and the ordinary scale 
beam is the same as that of a lever of the first class. (See Fig. 18). 
The ordinary lever is a bar, carrying weights w^ and w". In 
levers of the first class, w' and ti?" are placed at the ends of the bar, 
and the support for the bar is placed between the weights. In the 
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figure the support is attached at F, and is commonly called the 
fulcrum. In order that two unequal weights may balance, the Ughter 
one must be placed at a greater distance from the fulcrum than the 
heavier. (See Fig. 19.) Designating those distances as d' and d", 
the equation of the lever is 

w'd' = w"d" 

or in words: the products of the weights by their respective distances from 
the fulcrum are equal. 

It will be seen that this equation contains four quantities; any 
three of these being known the fourth may be found from the equation. 

Thus, to find at what distance a weight of 10 lbs. must be placed 
to balance a weight of 25 lbs. placed at a distance of 8 ft.: 

Let w' = 10, w" = 25, and d" = 8. I 

Then 10 d' = 25 • 8, substituting in the equation of the lever. 
10 d' = 200, performing the operation indicated. 
d' = 20, dividing both sides by 10. 

Therefore, mj', the 10-lb. weight, must be placed 20 feet from the 
fulcrum in order to balance the 25-lb. weight placed at a distance of 
8 feet from the fulcrum. 
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4. An unknown weight is placed 3 inches from the point of 
support of a scale beam and is balanced by another unknown 
weight placed. 9 inches from the point of support. If 2 pounds 
be added to the first weight, the second weight will have to be 
moved three inches farther out from the point of support in order 
to preserve the balance. Find the two weights. 

5. Two unknown weights balance when placed 36" and 54'' 
from the fulcrum of a lever; if their positions are reversed, 2 
pounds must be added to the lesser weight to restore the balance. 
What are the weights? 

6. A train leaves St. Paul 40 minutes late and runs to Sioux 
City at a speed J greater than its schedule, arriving 16 minutes 
late. A second train follows, running under the same conditions 
except that it is unable to maintain the increased speed for the 
last 15 miles, which is covered at the usual speed, and arrives 
22 minutes late. Find the usual speed and the distance between 
the two cities. 

7. The circumference of the fore wheel of a wagon is 2 feet 
less than that of the rear wheel. If the fore wheel makes as many 
revolutions in going 100 yards as the rear wheel makes in going 120 
yards, find the circumference of each wheel. 

8. AB (Fig. 20) is a bar of iron 6 feet 
long called a crowbar. The end A is placed 
under a box weighing 1200 lbs. and the 
support is placed at F, 6 inches from A. 
How much loading (weight) must be applied 
at B to raise the box? 

9. What loading would have to be applied 
at B, if AF were 3 inches instead of 6 inches? 

10. Figure 21 illustrates the common 
suction pump used for lifting water out of 
wells and cisterns. AB is the handle and is 
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supported at by a pin. The piston attached to A raises the 
water. If OA =3 inches and 05 = 3 ft., what load applied 
at 5 will lift a load of 1000 lbs. on the piston? 

11. In the preceding problem let OA be li inches. What load 
at B will balance a load of 1000 lbs. on the piston? 

12. Suppose OA equals li inches and OB equals 1} ^^et. 
What load at B will balance a load of 1000 lbs. on the piston? 

18. For what distance OA will 100 lbs. at B balance 1000 lbs. 
at A? 

14. The Panama Canal has three systems of locks, viz., 
Gatun, Pedro Miguel, and Miraflores. The system at Gatun, 
consisting of three locks, effects a total lift of 85 feet. The middle 
and lower locks Uft a vessel the same height while the upper 
locks lift it 3 feet less than each of the others. What is the lift 
of each lock? 

16. The combined base areas of three 550-foot locks at Gatun 
is 163,000 sq. ft. If the two lower locks have equal bases and 
the base of the upper lock exceeds that of the lower ones by 2000 
sq. ft., what are their respective base areas? 

16. The number of gates required for the Gatun lock is 3 less 
than half the number required for the whole canal and 8 more 
than the number at Pedro Miguel. The number of gates at Mira- 
flores exceeds those at Pedro Miguel by 2. How many gates at 
Gatim? At all three places? 

17. Contracts for construction of the gates of the Panama 
Canal were awarded to the lowest bidder, whose bid was S728,000 
under his nearest competitor. If the sum of both bids was 
$11,477,000, what was the contract price? 

18. A rectangle has the same area as another one 10 feet longer 
and 6 feet narrower. It also has the same area as a rectangle 
4 feet longer and 3 feet narrower. Find the dimensions of the 
rectangle. 

19. If the length and width of a rectangle be increased each 
by one foot, the area will be increased by 18 square feet. But if 
the length alone be decreased one foot, the area will be decreased 
by 2 square feet. What are its dimensions? 
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20. A rifle ball was fired at a target 3300 feet away, and 5 
seconds later the man who fired the shot heard it strike the target. 
If the speed of the bullet was 1500 feet per second, what was the 
rate at which the sound of the bullet striking the target traveled 
back to the marksman? 

21. A traveller finds that he has 6 hours to wait at a station 
and decides to use it by taking a trip into the country. He walks 
out at the rate of three miles an hour and rides back in an auto- 
mobile at the rate of 15 miles an hour. How far may he go? 

22. On December 21st, the night of Hanmierfest, Norway, 
is 13 hours and 30 minutes longer than the day. At what hour 
does the sun rise there? 

28. In physics t designates the number of seconds required 
by a pendulum to swing from one position of rest to another, 
through a small angle, and it is found from the relation, i = xV I / g. 
If g ^ 32.15, ic = 3.1416, and Z = 3 feet, find the value of L If 
< = 1 second, g and x having the same values as before, find Z, 
that is, the length of a pendulum that beats seconds. 

24. On a Centigrade thermometer (see Fig. 22) the freezing 
and boiling points are marked 0° and 100° re- 
spectively; and on a Fahrenheit thermometer 
they are marked 32° and 212° respectively. 
Between these two fixed points there are 100 
degrees on the Centigrade thermometer and 180 
on the Fahrenheit. The reading of one ther- 
mometer being known that of the other may be 
found from the relation, F = 32° + ^. (1). 
From (1) show that C = J( F - 32 ). (2). 

25. Using Equations (1) and (2) of the 
preceding example transform the following 
Fahrenheit readings into Centigrade: 41°; 75°; 
- 30°; 180°; 270°; - 36°; - 100°. 

26. Using the same equations as in Example 
25, transform the following Centigrade readings 
into Fahrenheit: 18°; 45°; 180°; - 16°; - 80°. 

27. As seen from the earth the sun and moon, moving in the 
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same direction, complete their respective circuits of the heavens 
in approximately 365| days and 28 days. Supposing their motion 
to be imiform, how long is it from one phase of the moon to 
another exactly similar phase; say from one full moon to the next? 
(Suggestion: Let x = the number of days from one phase of the 
moon to another similar phase. Then it is shown in astronomy that 

28 365 X I 

28. In the center of a pond 10 feet square, a reed projected 
1 foot above the surface; when the top of this reed was pulled 
over to the bank it just reached the edge 
of the surface. How deep was the water? 
(From a Chinese arithmetic of 2000 B.C.)* 
t (Suggestion. Let x = the depth of the 
water in feet. Then in Fig. 23, x =^AC, x-\-l 
= AB, 5 = BC\ and {x + 1)« = a;« + b^.) 

29. In a pond the top of a lotus bud 
reached 6 inches above the surface; but 
blown by the wind it just reached the surface 
at a point 2 feet from its upright position. 
How deep was the water? (From the works 
of a Hindu writer, 1150 a.d.)* 

30. Find the number, \ of which plus 1. 
multiplied by \ of which plus 2, equals the number plus 13, 
(From Mohammed ben Musa Alhowarazmi, a Persian mathe- 
matician of 800 A.D., from the title of whose book the word 
Algebra is derived.)* 

* From Klein's Famous Problems in Geometry, translated by 
Beman and Smith. 

t The solution of this and the following example is based upon the 
following relation between the sides of a right-angled triangle: In 
any right triangle the square on the side opposite the right angle 
equals the sum of the squares on the other two sides. Thus, in Fig. 
23 above c^ =^ a^ -{- b^. In geometry this is known as the Pythago- 
rean theorem, from the name of Pythagoras, the Grecian mathema- 
tician who first proved it. 
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81. A horse and a donkey laden with com, were walking 
together. Said the horse to the donkey: '* If you gave me one 
measure of com, I should carry twice as much as you; but if 
I gave you one we should carry equal 
burdens." Tell me their burdens, O 
most leaAied master of geometry. 
(Attributed to Euclid, about 300 B.C.)* 

82. The length of a football field is 
140 feet greater than its width. If a 
strip 20 feet wide be added to each end and each side the area will be 
increased by 18,400 square feet. Find the dimensions of the field. 

33. A rectangular piece of ground is 13 feet longer than it is 
wide. If 2 feet were added to its width 
while its length remains unchanged 
its area would be increased by 40 
square feet. Find the length of the 
two sides. (Fig. 24.) 

34. A rectangle is twice as long 
as it is wide. If 5 feet were taken 
from its length and added to its width 
the rectangle would be square. What 
are its dimensions? (Fig. 25.) 

35. The width of a room is | of its length. If 3 feet were 
taken from the length and the same 

amount added to its width the room 
would be square. What are its dimen- 
sions? (Fig. 26.) 

36. At a school entertainment the 
prices of admission were fixed at 50 
cents for adults, and 35 cents for 
children. The number of paid admis- 
sions was 100, and the receipts were 
$39.50. How many children were in- 
cluded in the 100 who paid admission? 

* From Klein's Famous Problems in Geometry, translated by 
Beman and Smith. 
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87. A rectangular field has the same area as each of two other 
fields, one of which is 6 rods longer and 2 rods narrower than 
the given field, while the other is 3 rods shorter and 2 rods wider 
than the given field. Find the dimensions of the given field. 

88. Two trains, one twice the length of the other, are running 
on parallel tracks. The rate of the longer train is 44 feet per 
second, while that of the shorter is 66 feet per second. When 
going in opposite directions it takes them 15 seconds to pass. 
Find the length of each train. 

39. Two trains run on parallel tracks. One of the trains 
is 350 feet longer than the other and travels at a rate of 30 miles 
per hour, while the shorter train makes 45 miles per hour. When 
going in the same direction it takes li minutes for the two trains 
to pass each other. What is the length of each train? 

40. A dair3m[ian has milk cans of three different sizes. He 
finds that the quantity of milk he has will fill all the cans once; 
the smallest can four times; the second largest can three timfcs 
with 8 gallons to spare; and the largest can twice with 4 galloAs 
to spare. Find the capacity of each can. ^ 

41. The California Limited, when four hours out of Chicago, 
met with an accident and was delayed one hour. Resuming its 
westward journey at f its former rate, it arrived in Kansas City 3 
hours late. If the accident had occurred 140 miles farther west 
the train would have reached Kansas City only 2 hours late.. 
Find the usual rate of this train between Chicago and Kansas 
City and the distance between these two cities. 

42. It takes A three hours longer to walk from P to Q than 
it does B, the distance being 15 miles. But, if A should double 
his rate of walking and B continue at the same rate as before, 
A would make the trip in one hour less than B. What are their 
rates of walking? 

43. If the sides of a rectangular field were increased each 
by 5 rods, the area would be 2 acres. If the length were increased 
by 5 rods and width decreased by 7 rods, the area would be one 
acre. Find the dimensions of the field. 
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44. A farm consisting of 200 acres is 40 rods longer than it 
is wide. The distance around the farm is 2} miles. What are 
its dimensions? 

45. In triangle ABC (Fig. 27), a = c and 6 is 10 less than a. 
If the simi of a, by and c is 80, find each 

side. 

46. In the same triangle ABC (Fig. 
27), a + c = 60; a + 6 = 50; and 6 + c 
= 50. Find a, 6, and c from these equa- 
tions. 

47. The sum of the areas of two rect- 
angles is 65 and the difference is 35. If 
the width of one is 5 and of the other 3, 
what are their lengths? 

48. The sum of the three sides a, 6, 
and c of a certain triangle is 60. If a is 

4 more than twice c, and b and c together are 4 more than a, 
how long are the sides a, 6, and c? 

49.* The average age of three persons is 27 years. The average 
age of the first and second is 38 years and of the second and third 
16J years. What are their ages? 

60. Find each of the angles of a triangle, if the emn of the 
first and second is twice the third, and the sum of the first and 
third equals the second. 

79. Dependent Linear Equations. 

Example. Given: a; — 2 y = 4 

3 a; - 6 y = 12. 

Solve for x and y. 

In attempting to construct the graphs for these equa- 
tions it is found that both represent the same line, MN. 

* Problems 49 and 50 involve three unknowns. For the present 
we leave it to the originality of the pupil to devise a method of solving 
a system of three equations. 
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(Fig. 28.) From this fact one would infer that, instead 
of having two independent equations in the foregoing 
example, there is really but one equation. Referring to 
the given equations it will be seen that the second equa- 
tion may be derived froni 
the first by multiplying both 
sides of the first by 3; also 
that the first may be 
derived from the second by 
dividing both sides of the 
second bj'^ 3. 

Equations that may be 
derived thus from other 
equations are said to be 
dependent equations. 

Throughout the solution 
of systems of simultaneous 
linear equations by elimination as in § 77, new equations 
are continually being derived from others either by addition, 
subtraction, multiplication, or division. All such equations 
thus derived are dependent equations. 

80. Equivalent Equations. In the solution of a linear 
equation it has been observed that: 

(1) The same nimiber may be added to both sides. 

(2) The same number may be subtracted from both 

sides. 

(3) Both sides may be multiplied by the same number. 

(4) Both sides may be divided by the same number. 

An equation derived from a given equation by performing 
upon the latter any one or all of the four processes named above 
is equivalent to the given equation ^ provided the given equation 
is not multiplied or divided either by zero or by an expression 
containing the unknown number. 
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Thus (1) 1x4-1=6, 
and (2) 2 x + 3 = 18 are equivalent equations, 

since (2) is obtained from (1) by multiplying (1) by 3. 

Solving (1) for x, gives x = 7^. 

And solving (2) for x, gives x — 1^ also. •• 

Furthermore, there is no other solution for either. 

Hence, two equations are said to be equivalent when every 
solution of one is also a solution of (he other. 

On the other hand (1) f x + 1 = 6, 
and (2) i x^ + X = Q Xy are not equivalent, 

as will be shown later, since (2) is derived from (1) by multi- 
plying (1) by X, the unknown number. 

81. Inconsistent Equations. 

Example. Let x + t/ = 5 

2 X + 2 7/ = 20, be the two linear equations 
whose solution is desired. 

Constructing the graphs for these two equations it will 
be found that they repre- 
sent a pair of parallel 
lines. Hence there is no 
point of intersection and 
no set of values for x and 
y that satisfies both equa- 
tions. (Fig. 29.) 

Referring to the given 
equations, and dividing 
both sides of the second 
equation by 2, we have 
X -h 2/ = 5 and x + y = 
10 as the two equations. 

Clearly the sum of x and y could not be 5 and 10 at the 
same time if x and y have the same values in both equa- 
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tions. Such equations as those given in the above example 
are called inconsistent or incompatible equaiions. 



EXERCISE 

82. Determine the nature of the following systems of linear 
equations by constructing their graphs: 



1. 



5. 



7. 



a; + y = 4, 
a: + y = 10. 

x^2y = 1, 
2 X - 4 2/ = 4. 

2x -y ^2, 

2x-\-3y = 12, 
4 x 4- 6 y = 16. 

a; - J 2/ = 0, 

2a; -1/ = I. 



2. 



6. 



8. 



10. 



2x+y =5, 

4 a; +2 2/ = 12. 

4a; -h82/ =20, 

2 a; + 4 y = 10. 

a; - 2/ = 3, 

3 a; - 9 2/ = 9. 

a; -y = 1, 

5 a; - 5 2/ = 10. 

X + 2/ = - 2, 
2x+22/= -4. 



MISCELLANEOUS EXERCISES FOR REVIEW 

83. Give results to the following at sight: 

1. 3(-8). 2. -5a (10 ac»). 

3. (-5o»)». 4. (-2a)(-3a6)«. 

6. -63^-7. 6. -Uxy -i-Axy). 

7. - 18 a6c + 6 a6c - 8 a5c - 5 (- 2 a6c). 

8. (7 2/)(5 2/-4 2/). 

9. (- 25a;2/'2 + 15a;V«) -^ (- 5^2/)- 
10. 8 • - 6 + I- 
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11. Take 2 o - 5 c from 0. 

12. Add - (o - 6), 2(6 - a), and - 3(o - 6). 

13. - 6c • 6« • c« . dK 

. 14. (-.4d)(5cd)(-3ad). 
15. Multiply 49 by 29. 

Suggestion. 49 = (50 - 1) 

29 (50 - 1) = 29 X 50 - 29 X 1 = 1450 - 29 = 1421. 

' 16. In like manner multiply 99 by 39; 51 by 29; 48 by 33; 
52 by 44; 61 by 24. 



Perform operations indicated: 

\ 9 3 4/ \3 2/ 
\27 64/ \ 3 4/ 



19. (a** + 6*» + 2 6»c* - c*') -h (o* 4- 6» + c*). Check for 
a = 6=c = n=x.= l. 

20. ( ax -] )( )• 

\3 ^ 3/V4 4 3/ 

2L (2.4 X* - .12 x*y + 4.32 y») -h (1.5 x + 1.8 y). 

Simplify the following: 

22. {x + y)(y +z) - {z -\-u) {u +x) - {x + z){y - u). 

28. iy+a){y+b) - (a 4- 6 +c)(y + a) +a« + a6 +6^ 4-3ay. 

24. (o + 6)« - (a + 6)(a - 6) - a(2 6 - 2) - (6« - 2 a). 

25. o(6 - c) - 6(a - c) + c(a - 6) - (a - 6)(a - c)(6 - c). 
Check for a = 6 = c = 1. 
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Evaluate the following for y = 2, a = 3, 6 = 1 : 

26. y* "^ * • y* "" *. 

27. (y«)«^(y*-'). 

28. Divide o» + 6» + c» - 3 ofcc by a+b -c. Check for 
a s 5 » c = 1. 

29. Solve for y: .3 y - 4 = .2y + .5. 

80. Multiply 3.2 x» - 4.5 xj/ + 1.8 y* by 1.5 z + 3.5 y. Check 
for y = 1 = x. 



CHAPTER VI 

FACTORING-QUADRATIC EQUATIONS 

(a) Factoring 

84. The Product of the Sum and the Difference of Two 
Numbers. From the multiplication of (a + 6) by (a - 6), as 
given below: 

o +6 
a -h 



a* -\-ab 
-a6 - 6« 



we have the formula, 

VIII (a + b)(a-b) = a" - b". 

Check. (a+6)(a-6) =(2 + l)(2 -1), 
ifo =2and6 = 1. =3 1 

= 3. 
But a« - 6* = 4 - 1 =3. 

Therefore, since the product of the numerical values equals 
the numerical value of the product, we conclude that the result 
is correct. 

97 
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In words, Formula VIII means that the product of the 
sum and the difference of the same two numbers equals the 
difference of their squares. 

ORAL EXERCISE 

Perform the multiphcations mdicated below ^ by mspection 
and check results. 

1. (x + y)(x - y). 2. (a - 5)(o 4- 5). 

3. (3 c- 9)(3 c + 9). 4. (4 w - 3 np)(4 w + 3 np). 

6. {a*c - 9 m*){a*c + 9 w«). 6. (a* + 6«')(a* - h^), 

7. (3 a;* - 5 y»)(3 x9 + b y*). 8. (o - 6 + c)(a + 6 - c). 

». [2(a; + y) - 3 p][2(a; + y) + 3 pj. 
10. (a) (47)(33). 

47 = 40 + 7 and 33 = 40 - 7. 
(6) (84)(76). 

86. Factors^ of the Difference of the Squares of Two 
Numbers. We have already learned that the square of any 
number is obtained by multiplying it by itself or using it 
twice as a factor. Consequently, the square root of any 
number is one of its two equal factors. The radical sign, y/, 
when placed over a number, indicates that its square root 
is to be taken. __ 

Thus,fflnce2 X 2 = 4,* V4 = 2. 



And since 3 a X 3 a = 9 a*, V 9 a« = 3 a. 
From Formula VIII we have 

VIII' a»-b" = (a + b)(a-b). 

Hence, 4 a« - 9 6* = (2 a + 3 6) (2 a - 3 6). (Check as in§ 66). 

* It is also true that - 2 X - 2 == 4 and hence that the V4 = - 2. 
But for the present purposes we shall consider only the positive square 
roots. 
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This means that the factors of the difference of the squares 
of two numbers consist of two binomials, one being the sum 
and the other the difference of the numbers. 

EXERCISE 

Factor the following: 

1. 100 1* - 144 uK 2. (o - by - 9. 

8. (n + vy - (m - n)». 4. 9(x^^ - w*n*). 

6. (a« + 62)* - 81. 6. 4(a; + 2/)« - 9(o - b)K 

7. 9 a' - J aK 8. (25 6^ - 36 c«)« - 81 a*. 

9. a;' - y^, (Four factors.) 10. o*"» - 6«». 

11. 99. (99 = 100 - 1.) 12. 16 a;«« + « - 64 y*\ 

13. 621. (621 = 625 - 4.) 14. 4 fc*** - 9 c*«* 
15. 4(a + 6)2 - 1. 16. o" - 4 6". (Five factors.) 

17. 1 - (2 a; + 3 y)K 18. (a« - 6«)«- c*. 

Solution: (a« - 6«)« - c* = 

(a2 - 52 - c«)(a2 - 6« 4- c«). 
19. 81 - (a - 6)*. 20. 256 - x*y\ 

86. Product of Binomials Having a Common Term. 

Example. Multiply {x 4- 3) by (x +5). 

X +3 
X +3 



X* + (3 + 5)a; + 15 = x2 + 8 X + 15. 

CAecA:. Leta;=l. (x + 3)(x + 5) =(H-3)(1 +5) =4 -6 =24. 
And a:« -f 8 x + 16 = 1 + 8 + 15 = 24. 

Observe that (1) x* is the square of the common term x: 

(2) 8 X is the product of x and the sum of 3 and 5. 

(3) 15 is the product of 3 and 6. 
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In general, 
IX (x + a)(x + b) = X* + (a + b) X + ab. 

This means that the product of two binomials having a 
common term equals the square of the common term plus the 
product of the common term and the algebraic sum of the 
other two termsy plus also th^ product of the other two terms. 

EXERCISE 

In accordance with formula IX give the products in the fol- 
low ng by inspection. Check results. 

1. (x+5)(x+6). 2.'(a;-3)(x4-7). 

8. (-X -4)(-a: -8). 4. {2z -3)(2a; -5). 
5. (y + a)(y — 3 a). 6. (m — 2 a){m + a), 
7. (a« - 7)(a2 - 1). 8. (3 6 - c)(3 6 + 2 c). 

9. (4m- a)(4 m -8a). 10. (2 c« - 3 d)(2 c^ + 7 d). 
11. (z - m)(x - n) 12. (y - 2 p)(3 y -2p), 

• 18. {x* - bc)ix^ -f 3 be). 14. (2 o - 6)(2 a + c). 

16. (36) (39 . 

Suggestion: 36 = (30 + 6), 39 = (30 + 9). 
Hence, 36 X 39 = (30 + 6);30 4- 9). 

16. (107) (105). 

17. (54)(57). 18. (x^^ - 3 y)(x^^ + 6 y\ 
19. (99)(103). 20. {x^ - 2 y){x^ -f 4 y). 

87. Factors of the Quadratic Trinomial, x* + bx + c 

From Formula IX we have 

IX' x" + (a + b)x + ab = (x + a)(x + b). 
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Example 1. a:* + 5 a; + 4 = (x 4- 4)(x + 1). 

For, 4 is the product of two numbers, + 4 and + 1, whose 
:um is + 5. It should be observed also that 2 and 2, as well as 
4 and 1, are factors of 4; but 2 and 2 added together do not make 
6, the coefficient of the middle term. 

Hence, {x + 4) and (x + 1) are the factors of x* + 5 x + 4. 

Example 2. x« - 5 x + 4 = (x - 4)(x - 1). 

For the two factors of 4- 4 whose sum is — 5 are — 4 and 
— 1. — 2 and — 2, while factors of + 4, will not do, since the 
sum of — 2 and — 2 is not — 5. 

Hence, (x — 4) and (x — 1) are the factors of x^ - 5 x + 4. 

Example 3. x* 4- 5 x - 24 - (x + 8)(x - 3). 
For, of all the factors of — 24, the two whose sum u + 5 are 
+ 8 and - 3. 

Hence, (x + 8) and (x — 3) are the factors of x* + 5 x — 24. 

Example 4. x* - 5 x - 24 = (x - 8)(x + 3). 
For, of all the factors of — 24, the two whose sum is — 5 
are - 8 and + 3. 

Hence, (x — 8) and (x + 3) are the factors of x* — 5 x — 24. 

From the foregoing examples it is evident that tfie 
factors of the quadratic trinomial* t!^ -{-bx + Cy consist of 
two binomials having a common term x and whose other two 
terms are those fadors of c whose algebraic sum is b. 

EXERCISE 

Factor and check the following: 

1. a« - 7 a + 12. 2. a« - 7 a - 18. 

J. oj + 9 a _ 10. 4. X* - 12 ax - 13 o*. 

6, i2» - 7 p72 + 10 p«. 6. w» - 32 w 4- 175. 

* Unless two numbers exist whose product is c and whose algebraic 
sum is h this trinomial cannot be factored. 
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7. m« - 17 mn+ 30 nK 8. c« + 28 6c + 192 b\ 

9. o*6« -f 2 a6c - 3 c*. 10. a* - 17 a«6« + 60 6*. 

11. 1 - 5 a; - 6 x«. 12. s« + 30 s^ - 175 iK 

18. a»« - 10 a~6« - 39 6«. 14. r*' + 12 r«*t;» + 27 »*^ 

16. (x - y)» - ll(a; - y) - 60. 
16. m* - 11 mHi* + 24 n^ 
17. p*q*r* - 15 pgrx« - 54 x*, 18. o« - a5 - 2 6*. 

19. a« 4- 3 a6 + 2 6*. 20. a« + o6 - 2 6«. 

88. Product of Two Binomials Having Corresponding 
Terms Similar. 

Example. (3x4- 5)(a; - 4) = 3 x* - 7 a; - 20. 

For, 3 X* and — 20 are products obtained by multiplying 
together the similar terms 3 x and x, 5 and — 4; — 7 a; is obtained 
by adding the products resulting from the multiplication of the 
dissimilar terms, 3 x and — 4, x and 5. 

Usual Method of Cross Product Method of 

Multiplication Multiplication 

3x4-5 3x +5 

X — 4 X —.4 

3 x* 4- 5 X 3x2 4- (- 12 4-5)x -20 = 

- 12 X - 20 3 x« - 7 X - 20. 
3 x* - 7 X - 20 

Check, (3x4-5)(x ~4) = (9+5)(3 -4),ifx =3, 
= (14)(-1) = -14._ 
3 x» - 7 X - 20 = 27 - 21 - 20 = - 14. 

- 14 = - 14. 

Theuefore, since the product of the uimierical values is the 
same as the numerical value of the product, we conclude that 
the result is correct. 
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From the foregoing it will be seen that the yrodud of two 
binomials which have corresponding terms similar equals the 
sum of the produ^ obtained firsts by multiplying the similar 
terms together; second^ by multiplying the dissimilar terms 
together and adding these results, 

EXERCISE 

Perform the operations indicated and check results. 
1. (3 a - 7)(a + 9). 2. (x^ - 5)(2 x* + 3). 

S. (4 m« - 7)( - 2 w« - 8). 4. ( - a«6 + 10)(3 a*b - 6). 
6. (7 pq -3 xy) [3pq - 4: xy). 

6. ( - aft* + 3 cn)(7 ab* + 2 en), 

7. (10 X* -4: y*z){x* + 12 y*z). 

8. (-a« -6«)(- 2a« + 2 6^). 

9. (3a'-2 6)(4a' + 3fe). 

10. (-2a'' -3c)(-2a'' +5c), 

89. Factors of Quadratic Trinomiali ax* + bx + c It 
will be seen from § 88 that the quadratic trinomial, ax^ + 
bx + c, may be factored into two binomials when a and c 
can be resolved into two sets of factors such that the sum 
of their cross products will be equal to b. 

We shall consider four cases based upon the signs of the 
coefficients, a, 6, and c. 

Case I. All Signs Positive. 

Example 1. Factor 3 a^ + 13 a + 4. 

Two sets of factors of 3 a« and 4 are to be found such that 
the sum of their cross-products as indicated below shall be + 13 a. 

3a + 
a +4 

Here, 3 a X a = 3 a^, and 4 X 1 =4. 
Cross-products, 3ax4+axl = 12 a + a = 13 a. 
Hence, 3 a« + 13 a + 4 = (3 a -f l)(a -h 4). 
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Several trials will often be necessary before the factors are 
found. For instance, if we had taken as trial factors, (3 a + 4) 
and (a + 1), 

3a +4 

X . 

a + 1 

As shown above, these would have given the first and last 
terms of 3 a' + 13 a + 4, but the middle term would have been 
the simi of 3 a • 1 and a • 4 or 3 a + 4 a, which equals 7 a. 

Hence, (3 a + 4) and (a + 1) cannot be factors of 
3 a« + 13 a + 4. 

Case II. Middle Term Negative, other Terms Positive. 
Example 2. Factor 3 a« - 10 a + 3. 

Factors of 3a^ and 3, the sum of whose cross-products is 
— 10 a are found to be 3 a — 1 and a — 3. 

3a - 1 
a -3 



-9a 
— a 



- 10 a 

Hence, 3 a« - 10 a + 3 = (3 a - l)(a - 1). 

Case III. First Term Positive, other Terms Negative. 
Example 3. Factor 4 a* - 4 ac -3 c'. 

Factors of 4 a* and — 3 c*, the sum of whose cross-products 
is — 4 ac are 2 a, 3 c, 2 a and c. 

2a - 3c 
2a -f c 



+ 2ac 
— 6 ac 



— 4 ac 
Hence, 4 a^ - 4 cc - 3c* - (2 a - 3 c)(2 a + c). 
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Case IV. First and Second Terms Positive, Last Term 
Negative. 

Example 4. Factor 4 a* + 7 a - 2. 

Factors of 4 a* and — 2, the sum of whose cross-products is 
-|-7aare4a — 1 and a -f 2. 

4a -1 

a 4-2 
+ 8a 
— a 



+ 7a 

Hence, 4a«+7a-2 = (4a- l)(a + 2). 

Based upon the foregoing examples certain observations 
will now be stated for the purpose of simplifying the work 
of factoring the quadratic trinomial, ax^ + bx + c, 

(1) If all signs are positive^ only positive factors need 
he tried, 

(2) If the first and last terms are positive and the middle 
term negative only negative factors of the last term should he 
tried. 

(3) If the last term is negative^ one of its factors must he 
plus and the other minv^. 



EXERCISE 



Factor and check: 



1. 2 a* + 6 a + 4. 2. 4 x« + 7 x - 15. 

3. 5 X* - 2 X - 7. 4. 9 a2 - 6 a - 120. 

6. 15 m« - 77 w + 10. 6. 4 a« + 10 aft + 4 h\ 

7. 12 c* - 23 c + 10. 8. 2 w2 - 3 mw - 2 n^. 
9. 4 y» _ y - 14. 10. 24 a2 + 42 a6 - 45 h\ 

11. 25 a« - 101 a6 + 4 hK 12. 60 xhf^ - 59 xyz - 20 z\ 

IS. 30 a» + 95 a - 35. 14. 80 r^ _ 240 r + 180. 
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15. 44a;« + 25a; - 91. 16. SGa** + 46a' - 91. 

17. 56 x^ - 113 x« + 56. 18. 9(a + 6)« - 6( a + 6) - 120. 

19. 5(x - y)* - 2(x - y)* - 7. 20. 16 a»+« - 44 a'+i + 30. 

90. Factors Determined by Division. 

Example 1. Since (a» + b*) ^ (a + 6) ^^ a* -- ab + 6», it 
follows that 

X a* + b» = (a + b)(a* -ab + b*), 

and hence that (a + b) and (a* — a6 + 6») are the factors of 
(a» + 6'). 

Example 2. Since (a* - b^) -5- (a - 6) = a« -f a6 + 6», it 
follows that 

XI a» - b» = (a - b)(a* + ab + b*), 

and hence that (a — b) and (a« + a6 + 6*) are the factors of 
(a» - 6»). 

Example 3. Likewise (a* =b 6*) * -^ (a =b 6) = a< T a»6 + a*6« 
^=^ab* + b*. 

Therefore, a» db 6* = (a =t 6) (a* =F a*b + a«6« ± ab* + 6*), and 
(a =h 6)and {a* =F a»6 + a^b* ^ ab* + b*) are the factors of (a» db 6*). 

Example 4. (a» =t 6«) -^ (a> =t 6») = a« T a*b^ + 6«. 
Therefore, a» db 6» = (a* =fc fe»)(a« =F a»6» + 6«) and (a» =fc b*) f 
and a« T a*b* + 6* are factors of (a" ± 6»). 

Observations as to the foregoing results: 
1. In each of these examples, the number of terms in the 
quotient is determined by the number of times the exponent 

* Read a* plus or minus &*. Using the double sign as here makes 
it possible to state two problems together. Read upper signs all 
through for (o^ + b*) and lower signs for (o* — 6*). 

t (a' =F b*) may be further factored as in Examples 1 and 2. 
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of the first term of the dividend contains the exponent 
of the first term of the divisor. Thus, in Example 3, 
exponent 5 contains exponent 1 five times; therefore, five 
terms will be found in the quotient. In example 4 the 
exponent 9 contains the exponent 3 three times ; hence, 
there are three terms in the quotient. 

2. In each of the above cases the exponent of the first 
term in the quotient is the difference between the exponent 
of the first term of the dividend and the exponent of the 
first term of the divisor. In each of the succeeding terms 
the exponent of the first number is obtained by subtracting 
from the exponent of that number in the preceding term 
the exponent of the first term in the divisor. 

Thus, in Example 3, the exponent 3, of a in the term a%, 
is the difif^rence between 4, the exponent of a in the preced- 
ing term and 1, the exponent of a in the divisor. The 
exponent 2 of a in the term a^bf^ is found in like manner by- 
subtracting 1 from 3. In each of the other terms that 
follow the exponent of a is 1 less than in the preceding term. 
In like manner in Example 4, the exponent 6 of the first 
term of the quotient is obtained by subtracting 3, the 
exponent of a, in the first term of the divisor, from 9, the 
exponent of a, the first term of the dividend. In each of 
the succeeding terms the exponent of a is 3 less than in the 
term next preceding. 

3. The second term of the divisor appears in the quotient 
for the first time in the second term of the quotient and 
there has the same exponent that it had in the divisor. In 
each of the succeeding terms its exponent is found by adding 
its exponent in the divisor to its exponent in the next pre- 
ceding term of the quotient. 

4. In dividing the sum of odd powers by the sum of the 
numbers, signs of the quotient alternate from + to — and 
from — to +. In dividing the difference of odd powers 
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by the difference between the numbers, the signs of all the 
terms in the quotient are +. 

From the foregoing we have the general formula: 

XII a° db b" = 

(a ± b) (a°-' =^ a°-'b + a": V =^ . . . + b'*"^), 
n being odd. 

In words this means that: 

(1) The sum or the difference of the sam£ odd powers of 
two numbers may be divided, by the sum or the difference of 
the numbers. 

(2) The quotient thus obtained and the divisor constitute 
the factors of the given binomial, 

EXERCISE 

Write out the quotients in the following by inspection and in 
accordance with the foregoing observations. Check. 

1. {x' + t/») -^ (x + y). 2. (w» - n») -^ (m - n). 

3. (m - ny -i- (m - n). 4. (a^ + 6^) -5- (a + 6). 

7. (1 - X') -^ (1 - x), 8. (a» + 32) -^ (a + 2). 

9. (243 - O -^ (3 - c). 10. (w» - 27) -5- (m - 3). 

11. (2/« + m«) ^ {y^ + m2). 12. (32 + m») -i- (2+m). 

Suggestion: t/« = (7/=^)^ Hence, !/• + m« « (t/2)s -|- (m*)*. 
Hence t/" -f m" may be considered as the sum of odd powers. 

. What binomial divisor or factor has each of the following, and 

how many terms in each quotient? 

13. x' - 8. 14. a» - 65. 

16. 27 a» - 216 c^ 16. x V - z*- 

17, m^o -h n^\ 18. a^ + K 
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19. 64 a« + 125 &•. 20. ^+~ 

21. 243 c5 - 32 y". 22. 1 - x\ 

28. x* - 1. 24. 8 a» - ^j- 

25.x«-125. ^^-I-I* 

27. a»6» + 1. 28. 512 c« + 343 d*. 

29. 8 a» + 27 6« 30. 729 w» + 8 n»«. 
81. a»« - 8 c»». 82. 32 x« + 243 y". 
83. aW' H- 610^. 34. a» - 32 <». 

86. R' - 1. 86. 8 a» - (m + n)». 

37. (a - 6) » - 27. 38. a^ - 6'^. 

89. a« — £*. Factor in two ways. 40. a»* + 6««'. 

91. The Sum of the Same Even Powers of two numbers 
is divisible by the sum of the numbers only in the case 
where such even powers may be considered as odd powers 
of smaller even powers. Thus, a® may be written as (a^)^ 
and a^^ as (a^)^; but a^ may not be so written. 

Hence, (a« + b^) -^ (a^ + IP) = a^ - a^lr^ + b^, 
and 
(a^o + 6^0) -5- (a2 + fcZ) = ^t^ - a«52 + a%^ - a266 + b^ 

But, (a* + 6*) may not be divided exactly by any bino- 
mial. 

92. Involution is the process of raising a number to a 
required power. It means that a number or expression is 
to be multiplied by itself or used as a factor a certain number 
of times as indicated by the exponent. 

Thus, 4^ means 4 X 4 X 4, as already noticed in para- 
graph 14. In like manner (2 a^b)^ means 2 a% X 2 a% X 
2 a%, which equals 8 a^l^, (By § 70.) 

Check. Let a = 6 = 1. Then 2 a^b = 2X1X1=2 
and(2a26)3 = 23 = 8. 
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But 8 a«63 = 8 X 1 X 1 = 8. 

Therefore, since the cube of the numerical value equals 
the numerical value of the cube, the result is probably 
correct. 

Hence, a monomial may be raised to any desired power 
by the ordinary rules for multiplication of monomials. 

Referring again to the expression (2 a%)^ = 8 a^6^, it 
should be noticed that 

(1) 8, the coefficient of the power, is the cube of 2, the 
coefficient of the given term. 

(2) 6, the exponent of a in the power, is three times 
2, the exponent of a in the term. 

(3) 3, the exponent of h in the power, is three times 1, 
the exponent of 6 in the term. 

Again, since an odd number of negative factors pro- 
duces a negative product, and an even number of negative 
factors produces a positive product, we have the following 
rule for the involution of a monomial: 

(1) Raise the coefficient of the given term to the power 
indicated, 

(2) Multiply the exponent of each letter by the number 
indicating the power. 

(3) Prefix a minus sign only in case the term itself is 
minus and the power odd. In all other cases the sign mil be 
plus, 

£X£RCIS£ 

Perform the operations indicated: 

1. (3a36^c^)3. ^ f^:^Y 

3. (-2a;V)'. 4. - i9a*h)K 

, 6. (-5m«n)3. 6. {25 a*b^)*. 

7. (-xyzy\ 8. (4a«'60*. 



„.(: 
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9. (3mn)«. 10. (im«c)<. 

'^)^ 12. (27.V)<. 

13. 4(a*fcc)». 14. (8a*b*)K 

16. i(ix2«)». 16. (6a«6*)». 

17. -4a(a«6c»)». 18. (64x»y«)». 
19. 5(-2a;«j/)*. 20. (36 xV)'. 

93. The Square of the Sum of Two Numbers. 

Example, (a + 6)» = (a + 6)(a + 6), by definition of expo- 
nent, § 14. 

From the usual work of multiplication of these two binomials 
which follows 





a +b 




a +b 




a* + a6 




4- ab +b* 




a« + 2 a6 + 6*, 


we have formula 




XIII (a + 


b)» = a* + 2ab 



In like manner, (3 a + 2 6)« = 9 a* + 2 • 3 a • 2 6 + 4 6« 

- 9 a« + 12 a6 + 4 6*. 
Check. (3 a + 2 6)» = (3 + 2)», if a = 6 = 1 

= (5)« = 25. 
And 9 a« + 12 a6 + 4 6« = 9 • 1 + 12 . 1 . 1 + 4 . 1 
= 9 + 12 4- 4 = 25. 
25 - 25. 

Expressed in words Formula XIII means that: 

The square of the sum of two numbers equals the square 

of the first, plus twice the product of the first multiplied by the 

second, pJiLS the square of the second. 
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EXERCISE 

Write results directly from Formula XIII. Check by* sub- 
stituting convenient numerical values: 

1. (2x+2/)«. 2. (a+5)». 

3. (m +2n)«. 4. (5 + m)K 

6. (1 + a)». 6. {a^b + c)*. 

7. (4n» +6)«. 8. (3a;« +2y^)K 

11. (ax + by)*. 12. (3 a6c + 2 c)*. 

13. (5 a + 2 6) (5 a + 26). 14. (m + 3 n){m + 3 n). 

■ 16. [(a + 6) 4- c]*. 16. 27« = (20 + 7)». 

17. 14« = (10 + 4)«. 18. (a'' + 2 6*)«. 

19. {a^-^'+ b^-^y. 20. 2(x'' + 32/^)'. 

94. The Square of the Difference of Two Numbers. 

Example, (a - 6)'' = (a - 6)(a - fe), by definition of expo- 
nent, § 14. 

From the usual work of multiplying these binomials 

a -6 
a — b 



a^ — ab 

- ab +b^ 
a« - 2 a6 + 6«, 
we have the formula 

XIV (a - b)* = a* - 2 ab + b*. 

This means that: 

The square of the difference of two numbers equals the 
square of the first, minus twice the product of the first mul- 
tiplied by the second, plus the square of the second. 
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In like manner, (3 x - 2 y)' = 9 a;« - 2 • 3 x • 2 y + 4 y* 

= 9 x« - 12 xj/ + 4 y». 
Check, Let x = y « 1. 

Then (3 x - 2 y)« = (3 - 2)« = 1« = 1. 

And9a;« - 12 xy + 4y* = 9 - 12 + 4 = 1. 

1 «L 

EXERCISE 

Write results directly from Formula XIV and check. 

1. {x -2y)«. 2. (2x -y)K 

8. (n -t;)«. 4. (2 a -3 6)«. 

6. (1 - y)«. 6. (m - 1)«. 

7. (a'' - }/)K 8. [(x + y) - a\\ 

9. [m - (n + p)]«. 10. (^Z-^L'. 
11. (a - f )«. 12. (m« - n«)^ 

14. (4a» -m«n«)*. 



"(f-")'- 



16. (3 x» - 2 6)(3 x» - 26). 16. (Jp - J 0(i P - J 0- 

17. (2a;»« - 4y*«')^ 18. 89« = (90 - \)\ 
19. 29* = (30 - 1)«. 20. (896)» = (900 - 4)«. 

95. Factors of Trinomial Squares. From Formula XIII, 
we have 

Xlir a* + 2 ab + b* = (a + b)* = (a + b)(a + b). 

Example. 4 a» + 12 a6 + 9 6« = (2 a -f 3 fe)« 

= (2a+3 6)(2a4-36). 
In this example we observe that 

(1) 2 a = V^ and 3 h = V 9^^ 

(2) V4 a« + 12 a6 + 9 6» = 2 a + 3 6. 
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Again, from Formula XTV we have 
XIV' a* - 2ab + b* = (a - b)* = (a - b)(a - b). 

Example. 9 a« - 24 a6 + 16 6« = (3 a - 4 6)« 

= (3a -46)(3a -46). 
In this example we observe that: 

(1) 3 a = V~9a* and 4 6 = V lQh\ 

(2) Voa* -24a6 + 166« =3a -46. 

From the foregoing examples it appears that: 

(1) One of the two equal factors of a trinomial square of the 
form a^ + 2 oft + 6^ is the sum of the square roots of the 
first and {he last terms of the trinomial. 

(2) One of the two equal factors of a trinomial square of the 
form a^ — 2ab + IP is the difference of the square roots of 
the first and the last terms of the trinomial, 

EXERCISE 

Factor the following and check results. Point out those that 
are perfect squares. 

1. x» - 6 X + 9. 2. 4 a« + 4 a6 H- 6^. 

3. 1 - 2 a« -h aK 4. 16 a«6*+ 16 a6c -h 4 c». 

6. 9 x« - 12 x*y* + 4 y<. 6. 25 c« + 10 c + 1. 

7. 64 x« + 80 X2/ + 25 y*. 8. 49 <« + 168 te + 144 xK 



9. a* - 16 a* + 64. 10. 16 u^ - 72 uh)^ + 81 v\ 

9 "^ 3 4* 



11. 121 p« - 264 pg + 144 9'. 12. -jr + "T" + T 



18. 1 + 2 ff+ Ye" ^* ^" - 6)' - 2 cia -b) + c*. 

16. 4 + 12(m + n) + 9(m + n)». 
16. »» - 2 rt + t« + 4(» -t)s +4. sK 
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17. 9 e« - 24 eCr + + 16(!r + ty. 

^^' 16 ^ 2 +^' 

19. ^ - 2(A + a)fft + 4(A + a)«. 

20. (a - by - 2(a - 6)(c - d) + (c -"d)«. 
21. 529 = (400 + 120 + 9). 22. a*» - 4 a«« • 6« + 4 6»'.* 
23. a^^ + 16 a^b^^ + 64 b^. 24. 4 a** - 12 a»»c«' + 9 c^. 

26. 4 A:2 + 4 A: + 1. 26. 24 pV + 9 p* + 16 5*. 

27. c* + 4 e* + 4 c«e«. 28. 169 a;« - 156 x«j/»2« + 36y^0*. 
29. 121 a* - 220 a6c + 100 6»c«. SO. 25 x* + 4 y* - 20 x^*. 

96. The Cube of a Binomial. 

Example, {x -\- yy = {x + y)(x -\- y)(x + y), by definition of 
exponent. 

Multiplied out in the usual way we find that 

XV (x + y)' = x» + 3x*y + 3xy*+y*. 
In like manner 

XVI (X - y)» = x» - 3x*y + Sxy* - y*. 

Observe: 

(1) X* = the cube of the first number. 

(2) 3x^ = three times the square of the first multiplied by the 

second. 

(3) 3xy^ = three times the first multiplied by the square of the 

second. 

(4) y* = the cube of the second. 

(5) Signs are all + for cube of the sum of two numbers; and 

alternate from -f to — and — to + for the cube 
of the difference of two numbers. 
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Check, For (x -f y)*, let x = y = 1. 

Then {x + y)* = (1 + 1)» = 2» = 8, 

and x3 + 3 x«y + 3 a;2/« H- 2/» = 1 + 3 • 1 • 1 + 3 • 1 . 1 + 1 

-14-3+3+1=8. 

8=8. 
For (x - 2/)», let X = 2 and y = 1. 
Then (x - 2/)» = (2 - 1)' = P = 1, 

and x» - 3 x2y + 3 xt/« - !/» = 8 - 12 + 6 - 1 =14-13 

= 1 

1 = 1. 

From the foregoing examples we observe that: 

(1) The cube of the s\im of two numbers equals the cube of 
the firstf plus three times the square of the first multiplied by 
the second J plus three times the first multiplied by the square 
of the second^ plus the cube of the second, 

(2) The cube of the difference of two numbers equals the 
cube of the first minus three times the square of the first mul- 
tiplied by the second, plus three times the first multiplied by 
the square of the second, minus the cube of the second. 

The above result could have been obtained also as follows: 

{x +2/)» = {x -\-yY(x +y). 

{x +yy = x2 + 2 xy + t/2 Formula XIII. 

X +y 

x* + 2 x^y + xy^ product of x and 

x2 + 2 xy + y\ 
x^y + 2 X2/2 + yi product of y and 
x^ +2xy + y\ 



x^ + 3 x2y + 3 xy^ + y^ product of x + y and 

x2 + 2 xy + y\ 
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EXERCISE 

Raise each of the following to the power indicated: 

1. (a 4- b)K 2. (c - d)*. 

5. (w -2n)». 4. {x --3)». 

6. (1 -a)\ 6. (2 a - 6)». 

7. (3 - c)». 8. 



(I-)' 



9. (25)» = (20 + 5)». 10. (75)» = (80 - 5)». 

97. The Square of a Polynomial. 

Example, (o + 6 -f c + d)' = l(a + 6) + (c + d)]^ 
= (a H- 6)« + 2 . (a H- 6)(c + d) + (c + d)'' 
= a* + 2a6 +6« H-2ac -f2ad -f26c + 26d +c2+2c(/+d2. 

Arranging so as to have square terms first, 

a^ + h^ + c* + d^ + 2 ab + 2 ac + 2 ad + 2hc +^2bd + 2 cd. 

Hence, formula, 

XVII (a + b + c + d)'= a* + b* + c* + d* + 2 ab 
+ 2 ac + 2 ad + 2 be + 2 bd + 2 cd. 

From the foregoing example it will be seen that: 

The square of the polynomial may be found by grouping 
the terms so as to change the form of the expression from a 
polynomial to a binomial and then applying the rule for 
squaring a binomial. 

Taking the terms as arranged above (XVII), it is seen that 

a' is the square of a, 
b^ is the square of 6, 
c^ is the square of c, 
d^ is the square of d. 
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2ab,2aCf and 2 od are twice the products obtained by multi- 
plying a by each term that follows the first or a term ; 2 6c and 
+ 2 M are, likewise, twice the products obtained by multiplying b 
by each term that follows it; + 2 cd is twice the product obtained 
by multiplying c by + d, the only term that follows it. 

From the above it appears that the same result would 
have been obtained also by the following rule: 

The square of a polynomial equals the sum of the squares 
of each term of the polynomial, phis twice the products obtained 
by multiplying each term of the polynomial in succession by 
all the terms that follow it. 

EXERCISE 

Perform the operations indicated on each of the following 
according to rule last given and check in the usual way. 

1. (a - 6 + c)*. 2. (x - 2/ -f s + u?)«. 

3. (3 a + 6 + 2 c)«. 4. (a« - 6« - c' - d*)*. 

5. (x* -2xy\- y*y, 6. (x» - a:*y + xy^ - y*y, 

7. (m* + mn 4- n« + 2)«. 8. (l - a -f 6* - c* - d*)«. 

9, {x' + hy+ff - (?)«. 10. ^2a» - -| - ^ + SgV. 

98. Factors of Polynomials. Three types are to be eon- 
dered: 

Type I. Polynomials that are perfect powers. 

Type II. Polynomials that may be expressed as the 
difiference of the squares of two numbers. . 

Type III. Polynomials that may be factored by group- 
ing terms. 

Type I. From Formulas XV and XVI, we have 

XVIII a»±3a*b + 3ab*±b»=(a±b)» 

= (a=kb)(a=tb)(a=kb). 
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In the foregoing we observe that 

(1) One of the three equal binomial factors into which 
polynomials of this type may be resolved is made up of 
the algebraic sum of the cube roots of the first and 
fourth terms of the given polynomial, due attention being 
given to signs. 

(2) The cube root of a polynomial of this type is one of 
these equal factors. 

Thus v^a^ ± 3 o^b + 3 a62 ± b3 = a zt 6. 

Example 1. Sx» - 36 z^ -\- 5Axy* -27 y* ^ {2x - S y)K 

For, 8 a;3 = (2 x)»; - 36 x^y = 3(2 a;)«( - 3 y) ; 54 xy* = 

3(2a;)(-3y)2 and - 27 !/» = (- 3 t/)^ 

Hence, 8 a;» - 36 x^y + 54 xy* - 27 y* = (2 x)^ - 3(2 x)«(3 y) 
-f3(2x)(3y)«-(3 2/)S 

which is identical with the form, (a) » - 3(a)«6 + 3 (a) (6) *-(&)». 

Therefore, 2 x — 3 y is the cube root of 8 x* — 36 x*y + 54 xy* 
— 27 2/S whose factors are (2 x — i/), (2 x — y) and (2 x — y). 

Again from Formula XVII we have 

XVII' a*+b*+c"+d"+2ab+2ac+2ad+2bc+2bd+2cd 

= (a+b+c+d)" 

= (a+b+c+d)(a+b+c+d). 

From the foregoing it will be seen that 

(1) The two equal factors of any polynomial that can 
be expressed in the form of the first member of XVII' are 
polynomials consisting of the algebraic sum of the square 
roots of the second degree terms of the given polynomial 
with due attention to signs. 

(2) The square root of a polynomial of this type is one 
of these equal factors. 
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Ezamiile 2. 

4x«-12xy+4x2+2«+9y*-6vz 
-4x«+9y«+z«-12ry+4xz-6i/z = (2x -3y +2)«. 
For, (2 x)« - 4 x«; ( - 3 y)« = 9 y«; (z)« = z«; 2(2 x)( - 3t/) 
- -12xy; 2(2x)(z) - 4 X2 and 2( - 3 y)(2) = -6yz, 

Hence,4x«+9y«+z«-12xy +4x2-6yz = (2 x - 3y + «)* 
and 2x — 3y4-z = the square root of the given pol3momial| 
whose factors are, therefore, (2 x — 3 y + z) and (2 x — 3 y +2). 

Type II. Example S. 

Factor a« + 2 06 + 6« - c«. 

a« + 2 06 + 6« - (a + 6)«, (XIII') 

then a« + 2 06 + 6« -- c* = (a + 6)« - c« = 

(a + 6 + c) (a + 6 - c). (VmO 

Example 4. 

Factor a» + 2 06 + 6« - x« + 2 xy - y«. 
a» + 2 06 + 6» - (a 4- h)\ and - x« + 2 xy - y« = -(x - y)«, 

(XIV') 

then a» + 2 a6 + 6» - x« + 2 xy - 2/» = (a + fe)« - (x - y)« 
= (a + ft + X - y)(a + 6 - x + y). (VHI') 

Example 6. Factor a* + a*&* + b*. 

a* + a«6* + 6* = a* 4- 2 a*6« -h 6* - a«6«, by adding and subtract- 
ing a*6*, 

= (a^ +&*)'- a'fr*, as in Example 3, 

= (a« + 6« + a6)(a« + 6« - 06). (VHF) 

Type III. It frequently happens that a factor is common 
to all the terms of an expression. In such cases the com- 
mon factor should be removed first. Very often by group- 
ing terms a common factor to all the groups will appear. 
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Example 6. Factor mx^ + nx + pa;» + qx. 

In this example x is seen to be common to all tenns. Remov- 
ing X we have mx^ + nx + px* -\- qx ^ x{mx + » + px* + q)- 
As nothing further can be done to factor the quantity in paren- 
theses, {x) and {mx + w* + px* + ?) are the factors of the given 
polynominaJ. 

Example 7. Factor mx + nx -^ my -- ny. 

mx + nx — my — ny ^ {mx + nx) — (my + ny) 
= x{m + n) - y(m + n) 
= (m + n)(x — !/), (m + n) being common to 
both terms. 

EXERCISE 

Factor: 

1. X" + 3 X* + 3 X -f 1. 2. X* — xy — X2 + t/2. 

3. 4 a< + 3 a*6« -f 6*. 4. m« + m» - m - 1. 

6. 4 a« - 8 o6 + 4 6« - c«. 6. 9 x» + 18 x' -f 9 x. (First re- 

move common factor.) 

7. a« + 2 o + 1 - 4 c« + 4 cd - d*. 

8. m» - 9 m*p + 27 mp* - 27 p». 

9. «« - »»e + r« - r^ 10. 8 + 12 « + 6 «« + zK 

11. 1 -h «* + !?* + 2 J - 2 1* + 2 1; - 2 «w - 2 W!? + ii«. 

12. a« - 6« + a + 6. 13. a» + o + 6» + &. 

14. 2» + 2 2« + 22 + 1. 

16. 27 1* - 108 t*v* + 144 <»« - m^K 
16. 3 a* + 6 a - a» - 2. 17. 4 m» - 12 mn - p^ - 9 n^. 
18. 9 J/* - m« - 2 mn - n«. 19. 4 6^ + 49 a« - 28 o6 - 16 cK 
20. c* + c» + 4 + 4 c. 21. 6 m« - 4 mn + 9 mp - 6 np. 
22. 3 a» - 7 - 7 a" - 3 a. 23. 3 + 6 xy - 3 j/« - 3 x«. 
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24. a« - 4 a + 4 - 4 6«. 

26. 100 j/< - 4 a* - 24a«6« - 36 6«. 

26. X* + 3 x»y + 3 x*y« + xyK 

27. - 10 c*mn + 5 c*n« - 20 c*p« + 5 cHnK 

28. r« — 3 X + 2y — S0 — ry + rx. 

29. (o - 6) -(a - fe)(c - (i)«. 30. 9 m« - 7 m^* + n^ 

81. A;« - 2 ^ifc + ^« + 1 -h 2 ifc - 2 ^. 

82. vH^ - J ^«i« + tV ^*<' - «*. 33. c2 -f 2 cd + d» + 6 c + 5 d. 
84. 3 y* - 3 j/» - 720 2/«. 36. 8 a* - 65<i» + 8 a». 

86. X* - 2 xy + j/» - (x - !/)(x + j/). , 

87. a* 4- a» + o* - 1. 

88. a« + 6» + a« - fe«. 39. 6» - 6« - 4 6 + 4. 

40. 2/*" - 13 2/*" + 36. (Factor in two ways.) 

(b) Quadratic Equations 

99. The Quadratic Trinomial, ax^ + 6x + c, which has 
been factored in § 89, when equated to zero, gives 

ax^ + 6x + c = 0, 

as the most general form of the quadratic equation. Since 
many quadratic equations, when put into the above form, 
are readily factored and a solution thereby obtained, we 
shall begin the study of these equations at this point. 

100. Definitions. The degree of an equation in one 
unknown number is determined by the highest power of 
the unknown number that occurs in the equation (see § 49). 
An equation that contains no higher power of the unknown 
than the first is an equation of the first degree and is called 
linear. An equation that contains the second power but 
no higher power than the second of the unknown is of 
the second degree and is called quadratic. 
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For example: 

3 X + 4 = 7 is of the first degree in x and is called linear. 

X* + 3 X — 10 = is of the second degree in x and is called 
quadratic. 

A root of an equation, as defined in § 53 e, is a number 
that satisfies the equation; that is, if it is substituted for 
the letter that represents the unknown number the equa- 
tion becomes an identity. Usually an equation has the 
same number of roots as the number that designates its 
degree. Since some of the roots may be equal there may 
not be as many separate and distinct roots as the number 
designating the degree of the equation; but in no case can 
there be a greater number of roots than this number that 
denotes the degree of the equation. Hence, a quadratic 
equation usually has two separate roots but no more than 
two. 

101. Solution of the Quadratic by Factoring.* When- 
ever the quadratic may be factored its solution may be 
completely effected; that is, its two roots may be found, 
by equating each of these factors to zero. This solution of 
the quadratic is based upon the principle established in 
(§ 67), which may be stated as follows: 

If a product of two or more factors is zero, the state- 
ment will be true if any factor equals zero, for zero times 
any finite number is zero. Hence, any factor equated to 
zero may contain a root, since a root is nothing more or 
less than a value for the unknown which satisfies the 
equation. 

* The solution of the general equation of the nth degree by factor- 
ing is based upon the factor theorem which will be stated and illustrated 
in Chap. XII. 
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Example. 

Solve X* + 3 X + 2 = 0. 
Solution. 

(x 4- 2)(x 4- 1) =0, factoring given equation. 

First, suppose that (1) x + 2 = 0, we would have X (x + 1) = 0, 
which is true. 

Hence, x = - 2, obtained from (1) by subtracting 2 from both 
sides, is the value of x, which makes x + 2 =0. 

Substituting — 2 for x in the given equation we have 

(_2)*+3(-2) +2=0 

4-6+2-0 

6-6=0 

0=0. 

Hence it appears that — 2 is a root of the equation. 
Next, suppose that (2), x + 1 = 0; we would have 

(x + 2) X = 0, which is also true. 
Hence, x = — 1, obtained from (2) by subtracting 1 from both 
sides, is the value of x, which makes x + 1 =0. 
Substituting — 1 for x in the ^ven equation ^ves 

(-l)2+3(-l) +2=0 

1-3+2=0 

-3+3=0 

0=0. 

And hence it is seen that — 1 is also a root of the given equation. 
Therefore, the two roots of x^ + 3x + 2 = are — 2 and — 1. 

From the foregoing example it will be observed that the 
roots of a quadratic are obtained as follows: 

(1) Put the equation in the form as? + &x + c = 0, if 
not already in this form. 

(2) Factor the first member of this equation. 
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(3) PiU each of the factors separately equal to zero, thus 
forming two linear equations of the form ax + c = 0, 

(4) Solve these linear equations in the usual manner, 

(5) Check results to see if they satisfy the equation. 

EXERCISE 

102. Solve each of the following equations by factoring, as in 
i 101, and check answers: 

1. x* - X - 6 - 0. 2. x« - 5 X = - 6. 

3. x2 + 3 x = 10. 4. 2 x2 - 7 X + 3 = 0. 

6. 6 X* - 13 X + 6 = 0. 6. 12 x2 - 3 X - 9 - 0. 

7. 7 x« + a: = 21 - 3 x« 8. 6 s* - 17 « + 12 = 0. 
ft. 6 j/« 4- 2/ = 12. 10. 6 y« + 7 2/ = 3. 

11. 3 y* + 7 2/ = 6. 12. 6 y{y - 3) = b{y - 3). 

13. {z - \){z^ - I2z +27) =0. 14. 4 !/» + 17 2/2 + 4 y = 0. 

16. 2/' - 11 2/* + 18 y = 0. 16. 60 «2 - 59 « = 20. 

17. 2/(2/ - 6) =72/- 42. 18. 4 n^ - n - 14 = 0. 
19. 5 2* 4- 26 2 = - 5. 20. 2 e* + 2 e = 40. 
21. 12 L« - 23 L + 10 = 0. 22. Sw^ -\-Sw = 6. 

23. 8 1;2 4- 10 r - 12 = 0. 24. 8 n« + 22 n + 15 = 0. 

25. 7 r* + r - 6 = 0. 26. 4 2/* - 8 2/ + 4 = 0. 

27. 12 x» - 9 X - 30 = 0. 28. p^ _ 2 p - 3 = 0. 

PROBLEMS LEADING TO QUADRATICS 

(Solve by Factoring). 

103. 1. Find two numbers whose difference is 5 and whose 
product is 36. 

2. A room is foiu: feet longer than it is wide, and its area is 96 
square feet. What are its dimensions? 

3. The depth of a city lot which has an area of 3750 square feet 
is six times its frontage. Find its frontage. 
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4. The length of a box is three times its depth and its width is 
two inches greater than its length. The area of its entire outer 
surface is 88 square inches. Find its 
dimensions. 

5. Find cubic contents of the box in 
Example 4. 

6. If the speed of a train were five 
miles an hour greater, it would require 
one hour less time to travel 150 miles. 
What is the rate of the train? 

7. A company of tourists engaged a 
guide for $80 and agreed to share the 

expenses equally. Four of the company, however, withdrew and 
it was found that each of the others 
would have to pay one dollar more than 
he had expected to pay. How many 
tourists were in the original party? 

8. An open box 8 inches deep is to 
be cut out of a square piece of tin by 
cutting out an 8-inch square piece from 
each comer and folding up the sides. 
If the box is to hold 3200 cubic inches, 
what must be the length of a side of the square piece of tin? (Fig. 30.) 

9. A picture 16 inches by 20 inches is 
enclosed in a frame of such width that the 
area of the frame is 140 square inches 
greater than the area of the picture itself. 
What is the width of the frame? (Fig. 31 .) 

The altitude of a triangle is the perpen- 
dicular distance from any vertex to the 
opposite side. This side is called the hose. 

The area of any triangle is one-half 

the product of its base and altitude. In 

Fig. 32, h denotes altitude and h denotes 

hb 
The expression — denotes the area. 



Fig. 31 




base. 
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10. The altitude of a triangle is 2 inches greater than its base 
and the area of the triangle is 60 square inches. Find the base. 

11. The area of a triangle is 48 square feet and its base is four 
feet longer than its altitude. Find the 
altitude. 

12. The end of a bam, as shown in Fig. 
33, consists of two parts: The gable, tri- 
angular part; and the body, rectangular 
part. The altitude of the triangle, or the 
height of gable, is one-third of the width of 
the bam and the width of the bam is ten 
feet greater than the height of the body or 
rectangular part. If the total area of one 

end of the bam is three times the area of the gable, find the width 
of the barn. 



EiG.33 



MISCELLANEOUS EXAMPLES IN FACTORING 
FOR REVIEW 



104. Factor: 

1. 4 X* + 8 x^y^ -f 9 y*. 

3. 5 1/* + 5 + 3 2/ + 3 y'. 

6. m* + n* - 16 + 2 mW. 

7. az^ -\- ay^ -\-by^ -f bz^. 

9. cy + 2 ex -\- 2 ay + 4: ax. 

11. a» - a2 - a + 1. 

13. 3 x» - x» - 12 X + 4. 

16. (x -\-y +xy)* - {x - y)\ 

17. (x+2 2/)« -^y\ 
19. a«fe2 - a2 __ 52 4_ 1. 

21. a''{a + h-cy-c^(Jb + c-'a)\ 

23. 2» - 2» 4- 2 - 1. 

26. r^s* - r« - 5* -f 1. 



2. 4 X* - 4 x2i/2 -f 9 !/*. 
4. y^z^ - 4 22 + 4 - 2/2. 
6. 1 -f 4 m - 4 7i2 _|- 4 ,yi2. 

8. r* + 64 - 16 r2 - m^. 
10. (5x2 -262/2)2 -(4x2-102/2)2. 
12. 5 x2 - 8 xy + 3 2/^ 
14. y^ — a^ — y — a. 
16. (a^ - 1) -f (3 a2 - a - 2). 
18. (a + 6 - c)2 - (a - c)\ 
20. (a+2 6+3c)2-4(a+fe-c)2. 
22. z* - z^ - z -{- 1. 
24. X* + 2/x' + z^x -\- zhj. 
26. (13a2-562)2_(i2a2 + 462)2. 
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27. a^a + 6)» - (a» + 6*)^ 28. 2/« + 4 j/« + 4 - y«, 
29. 6 cd- 15 cc + 22 rd- 55 re. 30. 36 x* - 29 X2/ + 5 y*. 
31. 26 +39 n - 22 m - 33 mn. 32. ac + ad^ - h*c - h*dK 

33. a« + 4 a6 + 4 62 _ (a2 - 4 aft + 4 6«). 

34. (3 2 - 1)* - (x« + 4 1/2 - 4 a;2/)«. 

36. (x+3yy + {x -2 yY + 2(a; + 3 2/)(x - 2 y). 

36. 16(m + n)« - 8(m + n){m - n) + (m- n)2. 

87. 256 z^ - (49z« + 4 «* - 28 zt^), 

38. (2 s- a)2 + 100(a - 3 s)* + 20(2 s - a)(a - 3 s). 

39. - 48(c - d)(c + d) + 36(c - d)« + 16(c + d)\ 

40. (a2 + x2)« - (a + x2)2. 

41. !/« + 2/'". (Suggestion: j/*" = 2/" * 2/"- Also2/*"*'«= y* • t/* and 

gx+i = c' • cK) 

42. T/" + y«+». 43. 4 a» + 4 a - 4 a26 - 4 6. 
44. y* + 2/* 4- 1. 45. 1 + X — xhfz — x^z, 
46. 62 - 6^ _}_ 1 _ fe. 47. a;* - Tx^!/^ + 2/*. 

48. r*" - 19 r« + 48. 49. 49 r*s* - 53 r^H^ + 4 i*. 

60. 16 c* - 17 c^d^ + d*, 61. x«2/^* + x V- 

62. A;«+^ - A;«+» - A;«+i + A;«-^ 63. a^"^ + 23 a^^ft'*' + 102 fe««'. 

64. c2d« + c^d* + c2. 56. a(p + g)' + p + g. 

66. 25 a'^'b^v + 15 a^'b'K 57. 6^-*-^ + 6V + 6V + c'+^ 

68. 25 X* +31xV + 16 z^ 59. 3 s'+^-ds^^+S sH^-5t''+\ 

60. s«' - 7 s»' - 78. 

61. 62» - 6 fe^c^ + 9 c2P + 7 6»d - 21 c^d - 44 d*. 

62. x^^'* - 3 x'"2/*^ + 2 x^V- 

63. 169(x + yy - 78(x + y){p + g)' + 9(p + g)«. 

64. (a +6)*» -7 {a + 6)"+ 10. 

65. a* +2 a^b^ + 6* + 3 a^ + 3 6^ _ lo. . 

66. A;*+v . p«+* + kv+' • p«+^ 67. x^^ - 20x*»i/p'- 69 y*^'. 

68. 6x2«+* . y3c+2rf _ 18x«+* • y^-^^. 

69. (p +q)(r -\- s) - 2 s(p -\- q). 

70. 2 c*+i - 3 cdv - 2 c^d + 3 d^'^^ 
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Give orally the products to the following: 

71. 19 X 21. 72. (39)». 

73. 38 X 42. 74. (48)«. 

76. 47 X 63. 76. (61)«. 

77. 36 X 44. 78. (17)«. 
79. 25 X 35. 80. (86)«. 



CHAPTER VII ♦ 
SQUARE ROOT— RADICALS 

(a) Square Root 
106. Square Root of a Polynomial. Since 

[=k(x + i/)P = 2:2 + 2x1/ + 2/2, 

it follows that the square root of 

x^ + 2xy + y^ = ± {x + y). 

The method of finding the square root of a polynomial 
will now be illustrated, using z!^ + 2xy + y^ as the given 
poljrnomial whose square root is desired. 



Polynomial 

x2 + 2 XT/ 4- 2/2 


Root 

X -\-y 


Trial divisor = 2 x 
Comp. div. = 2 a: + 2/ 


2xy -^y^ 
2xy +y^ - 


= (2x+2/)(y) 



Explanation. Since x = Vx*, x is the first term of the root. 
2 X = the trial divisor, since the trial divisor is twice that 
part of the root already found. 

* Chapter IX, which treats of algebraic fractions, may be taken 
before Chapter VII, by those who desire to have a simple treatment 
of fractions follow immediately after factoring. 
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2 xy -5- 2 X = 2/, hence y is the second term of the root. 

y added to 2 x gives gives 2x4-!/, the complete divisor, which 
multiplied by y gives 2xy + y', the other two terms of the given 
expression. 

Therefore, the required roots are db (x + y). 

We shall now extend this process and find the square 
root of a polynomial when the root contains three terms. * 

Example. Find the square root of 4x* - 12 x' + 13 x* - 6 x +1. 
Solution, 

Polynomial Root 

4x*-12x»+13x«-6x+l ) 2x^~3x+l 

(2x«)2=4x< 



Trial divisor = 2 • 2x« = 4x2 
Comp. divisor. =4x2— 3x 
2d. Trial div. =2(2x2 ^^x) 

=4x2 -6x 
2d Comp. div. =4x2-6x+l 



-12x»+13x2-6x+l 
-12x»+9x2 = (4x2-3x)(-3x) 



4x2-6x + l 

4x2-6x+l =(4x2-6x+l)(l) 



Therefore, the required roots are i (2 x2 — 3 x +1). 

Check. [± (2 x2 - 3 X -f 1)1* = 4 x* - 12 x^ + 13 x2 - 6x + 1. 

Hence the result is correct. 

From the foregoing solutions it will be seen that : 

(1) The terms of the polynomial are arranged according 
tb the powers of some letter. 

(2) The first term in the root is the square root of the 
first term of the given polynomial, 

(3) The trial divisor is always twice that part of the 
root already found, 

(4) Each term of the root after the first is found by 
dividing the first term of the remainder^ obtained by sub- 
tracting the product of the complete divisor and the preceding 
term of the root from the polynomial, by the trial divisor. 
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(5) Since the square root of a positive number is both 
positive and negative^ the signs + and — should be written 
before the root as a whole by enclosing the root in ( ) preceded 
by ±. 

EXERCISE 

\ 

Write out from inspection the square roots of all the trinomials 
in the following exercise; determine the square roots of the other 
polynomials by the method illustrated above : 



1. X* - 4 x*y + 4 y«. 


2. 4 + 8 c -f 4 c*. 


8. 1 -6J/+92/*. 


4.i--2+e.. 




6. 25 a«6« + 60 o6 



1. X* + y^ -\- 2 xy + z* '\- 2 xz -\- 2 yz. 

8. y« + 4 ay* + 10 a^ + 4 a^^/ -f a\ 

9. 1 - 4 c -f 10 c» - 20 c» + 25 c* - 24 c» 4- 16 c«. 

X* 

10. 1 - 2 X + 2 x2 - x» + --• 

4 

11. 49 - 42 < -f 37 «2 - 12 <» + 4 t*, 

12. 4 6*c« - 16 abc^ + 16 a^c^ - 12 a6*c + 24 a^bc + 9 a»6«. 

46^ 4 6* 

13. a« + 2 a6 - 3 6« + — ' 

a a^ 

14. 9 e^o 4- 6 e» 4- e«-6 6^ - 2 e» + 1. 

16. 36 x« + 12 X* - 60 x^ + x» - 10 x + 25. 

w' n^ 17 5 m 5 n 

16. — 4- — + -; + — 

n^ m* 4 n m 

17. -— + 7 4- /i 4- • 

y« 4x* y ^ 







SQUARE 


ROOT 


18. 


9 


4-3. 




19. 


1 + 


4 10 20 25 


24 16 


20. 


25 


30 
h 69 -f 36 x + 36 

X 


X*. 


21. 


9y* 


161 2/« 


+ 9. 


22. 


a* - 


•2a» +o-f -J- 




23 


. 6« - 


-i- 






1 


o 9 a* 3a» 3 a« 


24. 


9" ■ 


3 "^ 16 4 "^ 


4 


25. 


n* - 


-2n»4-2n»-n-fT 
4 





133 



106. The Square Root of Arithmetical Numbers. Begin- 
ning at units and pointing off the number into periods of 
two figures each will show how many figures the root con- 
tains, since to each figure in the root there will be one period 
in the number. For, squaring a number consisting of one 
digit will give a number consisting of not more than two 
digits; example, 9^ = 81. The square of a number con- 
sisting of two digits will give a number consisting of not 
more than four digits; example, 99^ = 9801. The square 
of a number containing three digits consists of not more 
than six digits, etc. Hence, in extracting square root, 
pointing the number off into periods of two figures each 
will indicate the number of figures to be found in the root. 

After pointing off the number into periods of two figures 
each, the remainder of the process is the same as that for 
finding the square root of an algebraic polynomial, as we 
shall now show. 
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For a number consisting of two digits, let t stand for the 
digits in tens place, and u the digit in units place. Then 
the square root of fi + 2 tu + u^, found as in § 105 is =t 
{t + u)f the work being given below: 



fi + 2tu + u^ \ t + u 

Square of t = f^ 

Trial divisor = 2 t 



Comp. divisor = 2t + u 



2tu + u^ 

2tu + u^ = {2t + u)(u) 



Therefore, ± (^ + w) are the square roots of t^ + 2 tu+v?. 
Applying the foregoing process to find the square root of 
1225, gives 



± (« + W)2 = <2 + 2 <W + W2 

1225 = 900 + 300 +25 

t = 3-tens = 30; «2 = (30)2 = 900 

Trial divisor = 2 « = 2 X 30 = 60 
2tu-^2t = u 
300 -^ 60 = 5 
Complete divisor = 2t + u 
= 60 + 5 



t + u 

30 + 5 = 35 



300 + 25 



300 + 25= (60 + 5K5^ 



Therefore, it 35 are the square roots of 1225. 
In practical work, the above is abbreviated to the 
following: 



<2 = 

2 « = 2 • 30 = 60 
2^ + u = 60 + 5 = 65 



12' 25 
9 00 



30 + 5 = 35 



3 25 

3 25 = (65) • (5) 



56 


25 






44 00 = 


(220) 


X(20) 


12 


25 






12 


25 = 


(245) 


•(5) 
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Again applying this process to find the square root 
of 15,625, a number whose square root will consist of three 
digits, we have 

1' 56' 25 [ 100+20+5 = 125 
fi = (10-tens)2 = (100)2 = 1 00 00 
Trial divisor = 2 < = 2 • 100 = 200 
Complete divisor 

= 2t + u = 200 + 20=220 
Trial divisor 

= 2 < = 2(100+20) = 240 
Complete divisor 

= 2< + w = 240 + 5= 245 

Therefore ±125 are the square roots of 15,625. 
From the foregoing examples we have the following rule 
for finding the square roots of arithmetical numbers: 

(1) Beginning at the decimal pointy point the number off 
into periods of two figures each going toward the left for the 
integral part, toward the right for the decimal part; and both 
ways for mixed numbers. 

(2) For the first digit in the root find by trial or inspection 
the greatest number whose square is kss than or equal to the first 
or left-hand period. Square this digit thu^ determined and 
subtract its square from the first period. 

(3) Bring down the second period^ annexing it to the 
remainder obtained by subtracting in (2). 

(4) Double the part of the root already found for a trial 
divisor and determine the next figure of the root by dividing 
the remainder by the trial divisor, always omitting the right- 
hand figure of the remainder. 

(5) Complete the divisor by annexing the digit just deter- 
mined in (4) to the trial divisor and multiply the completed 
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divisor by this same digit. After sybtrading the product from 
the dividend bring down the next period for a new dividend. 

(6) Double that part of the root thus far determined for a 
new trial divisor and proceed *as in (4) and (5). Continue in 
this manner until all the periods have been brought down and 
used, 

(7) If the number whose root is being found contains a 
decimal, point off as mxiny digits in the root, counting from the 
right, as there are periods of dedmxils in the given number. 

Check, If the root is exact, square it and see if this gives 
the original number. If the root is not exax^t, square and add 
the remainder. This sum should be the original number. 

EXERCISE 

107. Use the method illustrated in S 106 to find the square 
roots of the following: 

1. 961. 2. 2401. 3. 576. 

4. .225. (Suggestion. Annex a zero so as to make the period 
at the left a full period. Every period of a decimal 
number must contain two figures before beginning 
the process.) 

6. .0441. 6. .0001. 7. 15.625. 

8. .001. 9. f • (First write as a decimal). 

10. 3. (Give result to 4 decimal places.) 

11. Evaluate V 2 -h V3, giving result to 3 decimal places. 

12. Evaluate (\/3 - V~5) {V~3 -h 2 y/l) , giving result to 3 

decimal places. 

In each of the following express results as decimals to 3 places: 

13. (\/^-2\/^)(V^+2 Vs). 

14. (5 >/2 - 4 V^) -5- V2. 15. VT X VT. 
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(b) Radicals 



108. The Numbers of Algebra are classed as real and 
imaginary.* Such numbers as 2, 3, i, \/3, — 7, and -^5 
are. real numbers. Numbers expressed thus, V— 2 and 
3 V— 5 are called imaginary numbers. Numbers like \/^ 
arise when we attempt to express an even root of a negative 
number. They frequently occur as roots of equations. 

Real numbers are either rational or irrational. A 
rational number is one that can be obtained from unity by 
performing the operations of addition, subtraction, multi- 
plication and division. Any integer, positive or negative 
is rational; also any number that represents the quotient 
of two integers. Thus | is a rational number, since it 
expresses the quotient of 2 divided by 3 and both 2 and 3 
may be obtained from unity by the addition of unity one 
or more times. Likewise, 7, .25, and 1\ are rational num- 
bers. On the other hand, such numbers as \/^ and -^5^ 
are not rational, since they cannot be expressed as the 
quotient of two integers, nor can they be derived from unity 
by performing the operations of addition, subtraction, 
multiplication, and division. All real numbers not rational 
are irrational. 

A radical is an indicated root of a number. Thus, \/4 
and ^/~5 are radicals; also y/b and a/ x^ + i^ are radicals. 
If the number whose root is to be taken is not an exact 
power of the degree indicated, the radical is called a surd. 
Thus, a/ 5 and a/TO are surds. It will be observed that 
surds are always irrational. 

* In the opening paragraph of this book the student was told that 
numbers unknown to arithmetic would be dealt with in algebra. 
Negative numbers and imaginaries are two such kinds of numbers 
that lie beyond the scope of arithmetic. 
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The radical sign, y/ , as previously explained, indicates 
that a root is to be found. The sign itself indicates square 
root. When any other root is to be taken that fact is 
shown by writing the number (called the Index) indicating 
the degree of the root, in the V part of the radical sign. 
Thus, y/ a means that the cube root of a is desired; 3 is 
the index. 

109. Fractional Exponents. In studying the principles 
of multiplication, § 67, we learned that 

p and q being integral numbers. 

This same law also holds for fractional values of p and q. 
Hence, a^ • a^ = a} = a. Then since a* multiplied 
by itself produces a, it follows that the square root of 
a = (a)i = \Aa- 

In like manner it may be shown that the cube root 
of a= (a) J = v^. 

And, in general, 

the nth root of a= (a)^ = \^ a^n being integral. 

In words this means that the denominator of a fractional 
exponent indicates a root. 

Again, since a^ == a^ * a^ = (ai Y = (v^^, 

and since a^ = g?'^ = (a^)! = v^, 
it follows that (v^^ = .^-^^ 

In particular 8? = (8* )2 = (v^2 = (+ 2)2 = 4, 

and again, 8? = ^""'^ = (82)i = <r^ = ^"64 = 4. 

Hence, (v^)2 = \^, 

and, in general, 

XXI aT" = (>/7)^ = a/1?. 
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This means that the denominator of a fractional exponent 
indicates a root and the numerator, a power. Also, that a 
power of a root equals the root of the power. 

Because of the relation shown in Formula XXI radical 
numbers may be expressed either with the radical signs or 
with fractional exponents. 

EXERCISE 
110. Write with radical signs: 



1. x». 


2. (x')i. 




S. (x')i . 


4. yJ. 




6. 8t. 


6. (o+b)*. 




7. 5{x-y)i. 


8. 10 • xt + 5 2/ J . 




9. 4i.(x«-j/»)f. 


10. 9loi-6t. 




Find value of 






11. 4t . 


12. 9t . 




IS. -27l 


14. -64l. 




16. 8t. 


16. (i)t. 




"• (I)'- 


18. ( -0.125)*. 




19. (4 !•)* , if X = 2. 


p 
20. 27a«, if = 8, p 

g=3. 


= 4, and 



Write the following with fractional exponents: 

21. 2 ^J^'Sl. 22. V^^^"-. 

28. 2 V25b, 24. Vf. 

26. ^^7300^. 26. ^(1^)^ 

27. \^ 25 x^j\ 28. V^^OT 
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29. -^243o»xi». 30. <^^. 

31. V^'oV. 32. V^6^ 

33. ^x*yK 34. \^ aF - If. 

36. \/~^W7 86. <^^^. 

37. V^xV- 38. v^'^»&s»». 

89. V^ (a 4- 6)*". 40. v' (a + 6)' • (a - 6)«. 

111. Zero and Negative Exponents. 

Since 6F ^ a^ -^ aF'"^, 

it follows that a^ -^ a^ ^ a^ "^ = a^. 

But a^ T- a^ = 1 (since 1 X a^ = a^). 

Therefore, 

XXII a^ = 1. (Axiom 5: Things equal to same thing . . .) 
Again, since dF -^ a^ = oF"^, 

it follows that a? -^ a^ = c?~^ = a"^, 

^ . 3.5 «^ ^'d'4 1 1 

But a^ -4- a^ = -= = — — = — = -«• 

a^ 4'4'4'a'a, a-a a^ 

Therefore, 

XXIII a -* = -i- (Axiom 5.) 

a 

From Formula XXIII it appears that a number with 
a negative exponent means the same thing as the reciprocal* 
of that number with a positive Exponent. 

Thus, 2 a"3 = 2 . a"3 = 2 • ^ =4 

a* or 

and afc-'' = a • 6"'' = a - r- =^ —^ 

• The reciprocal of a number is unity divided by the number. 
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Also, «-^'.a--6-. = l-,-^i 

a'^ 1 

a"' 
In general, = ab-* -i- cd-* 

1 1 

— ?L _:_ ^ 

__ a c? 

■" eft''* 

From which it follows that any number with a negative 
exponent may be transferred from either term of a fraction 
to the other, provided such number is a factor of the term 
in which it stands, by changing the sign of its exponent. 

112. Simplification of a Radical consists in changing its 
form, without changing its value, so that the number under 
the radical sign 

(1) Shall be an integer. 

(2) Shall contain no factor that is an exact power corre- 

sponding to the degree of the radical. 

(3) Shall not be an exact power corresponding to some 

factor of the number indicating the degree of the 
radical. 



142 A FIEST COURSE IN ALGEBRA 

The following are illustrations of the foregoing changes: 

VT^ = V 4 a262 . 2 a = vT^^- VT^ = 2 a&V^. 

In each of the above the number under the radical sign 
contains a factor that is an exact power corresponding to 
the degree of the radical. 

3VT = avyrs = svt" . v "3 = 3 . jv^ = t V 3".7 

The above show changes necessary to transform a radical 
fraction so that the number under the radical sign shall 
be an integer. 

<^ = VV9 = VS. 

Vs2 = VvE = v/2: 

The foregoing illustrate the changes to be made when 
the number under the radical sign is an exact power corre- 

* The positive even root of a positive real number is called the 
Principai root. The radical sign will be used to indicate the Principal 
root unless otherwise stated. 
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spending to some factor of the number denoting the degree 
of the radical. Thus, in \^9, 

9 is the second power of 3; the sixth root is the cube 
root of the square root. The second power of three 
therefore corresponds to one of the factors of 6, the 
index of the root. 

EXERCISE 
113. Simplify the following surds by removing a factor: 



1. V^ 16 x\ 2. V 8 m\ 

3. VeTt^ 4. ^"28. 

5. Vis. 6. V^56p. 

7. ^ - 125 i^. 8. V 363 a^h\ 

9. (-32a;»)*. 10. V 5(500) J. 

11. Vgbl*! 12. ^ 192 x^yH\ 

13. V(o+6)(a- -6*). 14. (3 y^ - 18 y + 27)*. 
15. (4 a«6 - 24 a6« + 36 6»)*. 16. Vse* - 10 ed + bd^. 

17. -^^—^ V (2o» -4a6 -\-2h^Y. 

18. V(x2-2/=)(x -2/)(x» +y'). 

19. x/ iiJ'^ - ~ ^®- V^ 25 V~5 + 100. 

Reversing the foregoing process it will be evident that 
the coefficient of a surd may be written under the radical 
sign by raising it to the power denoted by the index of the 
radical and then multiplying the result by the quantity 
under the radical sign. 



Example. 2 V.5 = \/4 • V b = V 4: • 5 = V 



20. 



21. 


5VT. 


23. 


iVT. 


25. 


aVT. 


27. 


a6» V abc. 


29. 


2a fT 
b\Sa 
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Introduce the coefficient of the following expressions under 
the radical sign: 

22. 3 VT. 
24. § VT- 
26. 2 c VTe. 
28. .SeVsAde. 

Simplify following by extracting a root: 

31. V^'ii". 32. 6 V^To^ 

33. V^. 34. •^125. 

35. </^. 36. ^'^lil 

87. ^/ 121 x«r/^ 88. -iTsiSo^. 

39.- V^ 216 a«^\ 40. ^Tmhi\ 

41. \/ sTe^ 42. -^ 625 r^\ 

Simplify the following expressions. (Numbers under radical 
signs must be integers.) 



48. ^• 


• 44. aJ^. 

, , j — f- 


45.^. 


46. V ixyVx*- y\l — ^— 


.„ (a+6)» ja+b 
«• a~b^a-b 

49. ^^. 


50. -> 

V a +6 



114. Similar Surds are those having the same root index 
and the same expressions under the radical signs. Dissimilar 
surds are those that are not similar. 
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116. Addition and Subtraction of Surds. Similar surds 
may be added or subtracted by the addition or subtraction 
of their coefficients. It will often be necessary to simplify 
siu-ds before adding or subtracting. 

Example. V^ + VI2 + V^. 

V~^ = V 9~3 = 3 V37 simplifying, 
\/l2 = V4 .3 = 2 Vl", simplifying, 
V~75 = V25 .3 = 5 Vs", simplifjang, 
and 3 V^ + 2 V^ + 5 V^ = 10 VT, adding the coefficients. 

EXERCISE 

Perform the operations indicated in the following: 

1. V"l2 + 5 V^ + 3 V^. 2. V^ + 3 V^ - >/T28. 
3. -C^ 108 - -^^12 4- ^ 500. 4. V 125 + V 180 - aAsO. 

6. V5" + V 245 - V320; 

>. 7 V^ - 2 VI5 - 24 V^ - 27 >/7t- 

7. Vli - ^275"+ V^SOT. 8. V^ + V^ -f <^. 

9. V|^ + VH - VT- 10. V^128a; - V^250x + V^54a;.* 

11. (8 a*h + 8 a*)i - (8 a*6» + 8 a»60* • 

12. V xH/z - a V xyz -\- xz yl — 

18. V Sab^ + h y/ 75 a + V 3 a (a - 9 6)2. 
14. V 3 x» + 12 X* + 12 a; -f V 27 4;» - 72 x^y + 48 x?/^. 
16. 21 VI - 5 VT+ 6 V^ - VY+¥ V^- 

16. 3 Va*x +2a5x 4- ft'a; + 2 V (a - 6)23;. 

17. 8 Vote +22/)« - 3 V ax* + 4 act/ + 4 at/'. 
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18. 6 VT - 12 Vl^ + 6 Vlo - 30 V^. 

19. 5 a Vl2a6» - 3 6 V27o» + 2 V 300 a»6» - 40 ab y}^- 

20. ^ (o + 6)» - n V^ (a + &)«. 

116. Equivalent Surds. In the addition and subtraction 
of surds the necessary condition is that the surds to be added 
or subtracted be similar. In the multiplication and division 
of surds it is necessary .and sufficient that the surds have 
the same root index. Transformation of surds of different 
degrees into surds of the same degree is -a necessary step 
preliminary to the multiplication and division of surds. 

Example. Transform the V3, V5, and ^ 4 into equivalent 
surds liaving the same root index. 

Solution, 

\A3 = (3)i = (3)A= V^« = -^729. 
V^l" = (5)i = (5)A= aTs* = -^125! 
<n = (4)* = (4)A= \^^ =\r256. 

117. Multiplication and Division of Surds. 

(1) Reduce the given expressions, if not of the same 
degree, to equivalent expressions having the same index, 

(2) Perform the operations indicated and write the result 
under the common radical sign or index. 

Example 1. Multiply V^ by v^. 

SoliUion. 
VI = (3)3 = (3)* = V¥^ ^27. 
^T= (4)i =4«= v^Ie. 
V^ X V^ = "^432 = -C^216-2 = ^^"^216 • <^ = V 6 • VJ. 
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Example 2. Divide 20 VT2 by 8 VT 

Solution. 20 Vl2 = 20 V4T3 = 20 X 2 V^ = 40 VT. 

40 V¥-^ 8 Va =5. 
Example 3. Compare in magnitude v2 and -^ 3. 
iSoZiAiion. VT = (2)* = (2)'" = ^J^ = <^'8. 
^"3 = (3)* = (3)* = \/T^ = V9. 

Since •V^> ^^"8^ it follows that y/'s >y/'2* 

EXERCISE 

Perforjn the operations indicated and simplify the results. 

1. VYx VT 2. V"6 4- Vo! 

3. (4 - .V^)2. 4. 2 -^ V^'2. 

5. V^lo X V"5! 6. 3 V~5 • 4 VY. 

7. VI X VJ. 8. VJ ^ Vi 

9. VTxVT. 10. (6 + 3 V"4).^ 

11. 6 V54 ^ 3 V^. 12. (VT - VI) ^ 

13. Va2 -62 -^ Va +6. 14. (5 + V^) (5 - V"?). 

15. (a2 - 62) ^ V a + 6. 16. (6 s - 3 V7) (s + 2 VT)* 

17. V^ -I- V7. 18. (5 VI + 2)'. 

19. [2 V 3 _ ^2] ' 20. (3 V a; + >/ 2) '. 

21. (Vfl +Vl) (Vfl Wb), 22. 2 VI H- 3 V^. 

23. .(VT+ VT) - VI. 24. (z - V^)(a:2 + a;?/ + 2/2). 

*The sign > means " is greater than." 
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26. (6 Vis) -5- 3 V2". 26. a V7 + a Vfe^. 

28. (VT^ V^)(V^ -2\^). 

29. (^4+4 V 3) (VTnVl). ; 

30. - (V~2 + VT)'. 

118. Rationalization is the process of freeing an expres- 
sion from radicals. In division by radicals, expecially in 
dividing by a binomial surd, it often occurs that the quotient 
has to be expressed in the form of a fraction whose denom- 
inator contains the surd divisor. The calculation of the 
numerical values of such fractions becomes tedioiK, unless 
first rationalized. 

If the product of a given radical number by another 
radical is rational, the second is called the rati(malizing 
factor of the first. 

Thus,_V3 is the rationalizing factor for Vs; Vs f or 
V~E; V4 for >/2, since their product is v^ = 2, which is 
rational. 

Also, V4a2 is the rationalizing factor for v^2a. 

The rationalizing factor for a binomial surd of the form 
V^a + V^ is Vli — Vl>; the latter is called the comple- 
ment of the given surd. 

119. Any Monomial Denominator may be rationalized 
by multiplying both numerator and denominator of the 
fraction by the radical contained in the denominator a 
sufficient number of times. 

2 
Example 1. Rationalize the denominator of —7= • 

V3 

2 a/3 2V3 2 /— 
Solution. — pr X —7= = — 7=^ = ;r V 3. 
V3 V3 V9 3 
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2a 
Example 2. Rationalize the denominator of -37= • 

„ , ^. 2 a </T^ 2a</^^ 2 a 3/^, 

120. Any Binomial Denominator may be rationalized 
by multiplying both numerator and denominator of the 
fraction by the complement surd of the given binomial 
denominator. 

Example. Rationalize the denominator of — t= -7=' 

SoluUaa, V2.V-3^V-2+V73= 2-3 = 

EXERCISE 

Rationalize the denominators of the following expressions 
and reduce to simplest forms : 



^■h 


^■^T 


3. 




'■^3- 


•■;n- 


6. 




V3 + v^ 


\/^. + V 6 




Vc -d 


* V2 - V 3 


' V^ - V"6 


9. 


V"^ - vQ 


10 fc-^^---. 


V7 - VT 


12. 


Vde 


k+y/ k -n 


1 - V 1 - dv" 


Za -Ay/ hh 


V^-3V^ 




5V^+5VT 


' 3a+4V'66 


' Vs +3 V2"' 


15. 


V"^ - VT 
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121. Imaginaries. As not ed in § 108, such expressions 
as V— 5, SV— 2, and a V— 6, are called imaginaries. 
Imaginaries and irrational numbers constitute important 
topics in some of the higher courses in mathematics. Some 
of the transformations and operations upon imaginaries will 
be indicated briefly at this time, but their formal study 
belongs to a more advanced course. These are 

(a) Transformations, 
Example. 
VTg = V (S)( - 1) = V8-\^^ = 2V2V^ =2 Vy.i, 



where i = V — 1. 

In general, \^^ = V6(- 1) = Vl V - 1 = vV- 1. 

(6) Addition and Subtraction, 



Example. V - 4 + V - 9 - 2 V - l. Simnliry. 
V^Ti = V4(- 1) = 2 2. 
\^"^ = V9(- 1) = 3 I. 

- 2 V~^ = - 2 1, 
and 2 1 + 3 1 - 2 1 = 3 i. 

Hence V - 4 + V -9 - 2 V^i; = 3 V^T or 3 1. 

In general, 

a V -6 + c V -d + V -/ = a VT . I + c VI" . i +VJ - i 

= (a V"6 + c Vd + V7')i. 
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(c) MuUiplicatton and Division, 

Example. V - 1 x V - 1 = - 1, since VT • V^ » a. 

That is (\^^)' = - 1 = i2. 

Again V - 1 x V - 1 x V - 1 = i» = {« x i 

lV3r= - V"^. 

Also V - 1 X V - 1 X V - 1 X V - 1 = i< = {2 X i^ 

= (-l)(-l) = +1. 

Hence V -4 X V -3 = * 2 V - 1 x VI V - 1 

= 2 2 X V"3 1 = 2 VT . i« = - 2 V^ 

and 3 V"^ X 5 \^^ = 3 Vl a/"^ x 5 VI V"^ 

= 3 VI V - 1 X 10 V - 1 =: 30 Vs (- 1) = - 30 vy. 

Again V- 1 -5- V- 1 = 1, since Vo^ -i- \/~a = 1, 
and V - 20 ^ V -4 = V'20 V - 1 ^ Vi V - 1 

= 2 V7 . i -f- 2 . { = vi; 

In general V -6 X V -c = V^ V - 1 x Vc V - 1 

- V6c(- 1) = - V^ 

* In the multiplication of imaginaries it is important to observe 
that V -4 X V -3 5^ V(-4)(- 3), 

for V(-4)(-3) = Vl[2 = 2 V7. 

But V^ X V^ = 2 V^l X V'3 V^ = 2 V3(- 1) 
= - 2 Vl*. 
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and V-6-hV-c= VT V - 1 -s- Vc V - 1 

» VT-^ V^ (since V - 1 4- V"ri = 1) = — i:- 

Vc 

The foregoing examples are given to show that the 
fundamental operations are applicable to imaginaries as 
well as to real nmnbers. 

FOR REVIEW 
122. Perform the operations indicated in each of the following: 



1. Va«6 X V a*b^\ 



2. 4 V a;*2/* 4- V x*yK 

3. 5 V~^ - 10 V~^ + 12 Vah, 

4. 14 V^ - 6 Vs + i V^ + 7 Vs. 



^' \S "" Ws* 



a -b a +b 

7. (V5)(V"2 + V"3)(V2 - VI). 

8. 7 V^ - V75 - 24 V7^ - V^. 

9. Vl2a;« +60xy +75y* - V48a:« -72 0:2/ +27y«. 
10. VIO8 -5- VT92. 

11. VI - vj. 
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(J c) V a»6« - 4 a»6» + 4 a6». 



_ VTi Vis 

18. —7= -^ — F=- 

V 3 V 27 

14. (a« - 06 V~2 + 6*)(a« + o^ ^2 + 6»). 
16. (3 + VI)* - (3 - V"2)«. 
16. V^*i -^ V 3 a»6. 




What term must be added to the following to make each a per- 
tect square? 

18. 4 a* + 8 06. 

^^ a« — 4ac 

"• —9— 

20. 9 x2 + 36 rty. 

21. Simplify: V (a - 6)(a + 6) -2 + V a* - 6«. 

Express each of the following in simplest form and with positive 
exponents only: 

22. ,^. , • 28. 



62^-3 •"" a362«-i 

a-26-2c2 



24. 62ce-2. 26. 



6* 



Write with positive exponents and then simplify: 
2 



26. - ,. 
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27. 4""*. (Suggestion: 4" i = -j =—7=- « --, ans.) 

28. (.064) -i 29. 8-i. 
80. (i)-^ 81. (-8)-i 
82. 3'. 83. (a=fc6)*,ifa?^5. 

'"• F^r:7=-3- (Suggestion: 3-35^3 = (Ij^^p = ^37:^ 



etc.) 



a-8 4.6-3 «-^ 

x-»+y-» *°-2-»+3-» 

4-a.^-6.g-4 3- (06)0 

^ o ' • V 



48. (25)?. 44. 2-1 H- 20. 

1 +x'^ 



45 



1 +X-1 



Calculate to 2 decimals, the value of the letter in the first 
member of each of the following equations: 

46. A = f VI". 47. 8 = VT- 

48. s = 2 xr (r + Z), where x = 3.1416, r = VlO, and 
Z=|V2r 

49. Solve for «, s = i flf««, where s = 400 and ^ « 32.16. 
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60. The area of any triangle is given by the fonnula, A = — 

where A denotes area, h any side of the triangle and h the 
perpendicular distance or altitude from the opposite vertex 
to h. Express the area A of an equilateral triangle in tenns 
of A. 

Express the value of each of the following to three decimals, 
after first simplifying the expressions: 



"•# 



1 

VI' 



# -3^/5• 



68. xhr 



CHAPTER VIII 

QUADRATIC EQUATIONS. COMPLETING SQUARE 
AND SOLUTION BT FORMULA— RADICAL EQUA- 
TIONS 

(a) Quadratic Equations 

123. The General Quadratic^ as previously noted, is of 
the form 

as? + 6a; + c = 0, 

in which a, 6, and c are known numbers and x represents 
the unknown number. It should be observed here that: 

(a) a 7«^ 0. For, if a = 0, the equation reduces to the 

form 6x + c = and x = — - • 



(6) If 6 = but a and c 7«^ 0, the equation becomes 

c I c 
aaP + c = 0, Hence, x^ = — and a; = =t v 

There are, therefore, two roots which we denote Xi and X2-* 



xi 



= +^-^andx.= -^. 



(c) If c = but a and b ^ Oj the equation becomes 

ar^ + 6x = 0. By factoring, x{ax + 6) = 0. Here there 

b 
are two roots, a;i = and X2 = 

CL 

♦ The letters xt and xi will be used to designate the roots of an 
equation that has two roots. 

156 
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(d) But in the most general case of the equation as? + hx 
+ c = 0, neither a, 6, or c equals zero. Since this expression 
cannot always be factored, other methods of solution must 
be found. Two methods of solving this general quadratic 
will be given in the paragraphs which follow. 

124. Completing the Square. 
Example 1. a:* + 4 a: = 32, solve for x. 

Solution, X* 4- 4 X 4- 4 = 32 + 4, adding 4 to both sides. 

x' + 4 a; + 4 =36, combining terms of 2d member. 
X + 2 = ± 6, taking square root of both sides. 
X = — 2 ± 6, subtracting 2 from both 
sides. 

Therefore, Xi=-2+6«4 and X2=-2-6=-8 are 
the requited roots. 

Check. 

(4)2+4(4) =32,ifx =4. (-8)»+4(-8) «32,ifx = -8. 
16 + 16 = 32 64 - 32 = 32 

32 =32 32 = 32 

Example 2. 2 x* - 8 x - 24 = 0, solve for x. 

Solution. 2 x2 - 8 X = 24, adding 24 to both sides, 
x^ — 4 X = 12, dividing both sides by 2. 
X* - 4 X 4- 4 = 12 + 4, adding 4 to both sides. 
X* — 4 X + 4 = 16, combining terms of the 2d mem- 
ber. 
X — 2 = it 4, taking square roots of both sides. 
X = 2 =t 4, adding 2 to both sides. 

Therefore, Xi = 2 + 4 = 6 and x? = 2 - 4 = - 2 are the 
required roots. 
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Check. 

2(6)« - 8(6) - 24 = 0, if a; = 6. 2( - 2)' - 8( - 2) - 24 = 0, if 

x = -2 

72-48-24=0 8 + 16-24=0 

0-0 0=0 

Example 3. 3 x* + 12 a; - 18 = 0, solve for x. 

Solution. 3x* + I2z = 18, adding 18 to both sides. 
X* + 4:X =6, dividing both sides by 3. 
a;* + 4a;+4=6+4, adding 4 to both sides. 
a;« + 4 a; + 4 =10, combining terms of 2d member. 

a: + 2 = it V 10, taking square roots of both 



X = — 2 ± VTo, subtracting 2 from both 
sides. 

Therefore, a:i = - 2 + Vlo and a;2 = - 2 - V 10 are the 
required roots. 

Check. 3(- 2 + Vlb)» + 12 (- 2 + VTo) - 18 = 0, if__ 

_ a: = - 2 + V 10. 

3 (4 - 4 VIO + 10) - 24 + 12 V 10 - 18 = 0, 
12 - 12 Vlo +30-24 + 12 Vlo - 18 = 0, 

18 - 18 = 0, 
0=0. 
3 (- 2 - Vwy + 12 (- 2 - V16) - 18 = 0, if 

X = -2- VlO, 

3 (4 + 4 Vlo + 10) - 24 - 12 V~lb - 18 = 0, 

12 + 12 Vlo +30-24-12 VTo - 18 = 0, 

0=0. 

From the foregoing solutions it will be seen that the 
process of solving a quadratic equation by completing the 
square may be summarized as follows: 
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(1) Place all terms containing o? and x in the first member y 
and all other terms in the second member. This may be 
accomplished by the addition and subtraction of terms, 

(2) Divide both sides of the equation by the coefficient of x^, 
if that coefficient is not unity, 

(3) Add to both sides of the equation the square of half the 
coefficient of the x term, thereby making the first member a 
perfect square. 

(4) Combine and simplify the terms of the second member, 

(5) Take square roots of both sides of the equation thus 
simplified, putting the double sign before the term or terms on 
the right, or second member, 

(6) Put everything except x of the first member into the 
second. This may be done by the addition and subtraction of 
terms. 

(7) Combine and simplify the terms of the second member, 
giving due attention to the double sign which always precedes 
one of its terms. This simplified result is the solution desired, 

(8) Check each solution by substituting the values found 
for x in the given equation, 

EXERCISE 

125. Before solving the equations of this exercise, study them 
in the light of the observations of § 123. 

1. x* - 6 X = 91. 2. x2 - 12 X = - 35. 

3. 2/2 - y - 3 = 0. 4. 2 1/2 + 5.2/ = 0. 

6. «2 - 2 e - 3i = 0. 6. a;2 ^ = 1. 

12 

7. 8 1; - 24 = 7 1;2 + 25. 8. 4 x^ - 7 a; = - 3. 
9. 5 e2 -. 23 e + 12 = 0. 10. 4 x* + 2 a: - 1 = 0. 
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11. 15y +4y« =4. 
18. k* + lOk = -13. 



12. 42 + 2 x* = - 19 z. 

\ X 2 
14. — 4- - = — • 
3 9 a: 



*2M 40 
16. (y - 4)« - Z{y - 9) = 15. 16. _ - _ - 40 = 0. 

2 t 



t9 . 2a; 1 

17. x* = — • 

3 2 

1», (2y -3)« =8y. 



18. 3.8a: = .8 - x\ 

20. s = rt + i fl^*, solve for L 




I ' 



PROBLEMS 

126. 1. A window in the form of a rectangle surmounted 
by a semicircle is found to admit the most light when the width 
and height are equal. If the area of such 
a window is 64.2744 sq. ft., what is its 
width? (X = 3.1416.) (Fig. 34.) 

2. Two automobiles start from Chicago 
at the same hour, one travelling due east 
at the rate of 25 miles an hour and the 
other due north at the rate of 30 miles 
an hour. How far apart are they at the 
end of 3 hours? 

3. A and B set out at the same time from Chicago and Detroit 
respectively and travel towards each other. The distance from 
Chicago to Detroit is 280 miles. A's rate is 10 miles an hour; 
and B*s rate in miles per hour is 4 less than the number of hours 
required for A and B to meet. Find B's rate. 

4. The distance from Chicago to Los Angeles over the Santa 
Fe route is 2100 miles. The schedule of the California Limited 
is 5 miles an hour faster than the schedule for the fast mail, and 
it makes the trip in 12 hours less time. What is the time of the 
Limited? 



FiQ.34 
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6. In a field meet the winner of the 220 yd. hurdles won his 
race by i i^econd, and his speed was J yd. greater per second 
than that of his nearest competitor. What was the winner's time? 

6. It was proposed to close a certain street running through a 
park, thereby saving for park purposes a half acre of ground. 
The length of the street thus closed was found to be 12 times its 
width. What was the width of the street? 

7. A picture is 12" by 18" and is to be framed so that the entire 
area of both picture and frame shall 
be twice the area of the picture 
itself. Find the width of the frame. 
(Fig. 35.) 

8. The perimeter of a rectangular 
piece of ground is 180 feet and its 
area is 1800 sq. ft. Find the dimen- 
sions of the piece of ground. ^^^' ^ 

9. The perimeter of one square field is twice that of another 
square field and the area of the larger is 4 times that of the smaller. 
If the number of square feet in the area of the smaller is li 
times the nmnber of feet in the perimeter of the greater, what 
is the length of the side of the smaller field? 

10. A farmer has a wheat field 120 rods long and 80 rods wide 
and decides to double its area by adding strips of the same width 
to all sides of the field. What must be the width of the strip added? 

11. A boy has a piece of board 12 inches square. How wide 
a strip must he cut from each of two adjacent sides to leave a 
square piece whose area is one-half that of the original piece? 

12. A walk extends diagonally across a flower garden 40 feet 
square. What must be the width of a strip added to each of 
two adjacent sides to increase the length of the walk 5 feet? 

18. The total nmnber of different connections that may be 
made in a telephone exchange between a 'phone and any other 

'phone of the S3nstem is r — » where n is the number of 'phones 
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belonging to the S3r8tem. In a certain city the total number 
of connections is 160,461. How many 'phones in the exchange? 

14. A cubic foot of water weighs 62J lbs. When retained by 
vertical walls the pressure on them is one-half the product of 
the depth of the water, the area of the wall below the surface, 
and the weight of a cubic foot of water. Let p denote pressure, 
d the depth of 'the water, and I the length of the wall. Express 
p in terms of d and L 

15. In the locks of the Panama Canal at Gatun the greatest 
pressure against the gates is 125,000 lbs. The part of the gate 
imder water being rectangular in form with length 2} times the 
depth, find the dimensions of the gate. 

16. A cotton dealer bought $10,000 worth of cotton on November 
1st. A month later, when the price of cotton had decreased 
2 cents a pound, he bought 25,000 lbs. more for $10,000 than on 
November 1st. What was the price per pound on November 1st? 

17. A rectangular piece of tin twice as long as it is wide is 
made into an open top box by cutting a 3-inch square from each 
comer and turning up the sides. If the capacity of the box thus 
formed is 168 cubic inches, find the dimensions of the original 
piece of tin. 

18. If two objects A and B start at the same tune from a 
point P (see Fig. 36) and move in paths intersecting at right 

angles, the distance between A and B at 
any time is the hypotenuse of a right 
triangle whose legs are the respective 
distances passed over by A and B. 

Suppose that A walks east from a 
certain city at the rate of 3 miles an 
hour and B, starting from the same point 

■^ ^E at the same time, rides north at the rate 

FiG.36 of 4 miles an hour. In how many hours 

will they be 25 miles apart? 

19. In the preceding problem suppose that A had started 
one hour later than B, other conditions remaining as 
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before. In how many hours would they have been 25 miles 
apart? 

20. The length of the pages of a certain book is two inches 
greater than the width and there is a margin one inch wide. If 
the printed portion covers i the area of the page, find the 
dimensions of the page. 

21. The area of a rectangle is 80 sq. in. and its perimeter is 
36 inches. What are its dimensions? 

22. A certain number increased by its reciprocal gives y 
Find the number. <? 

23. The square of a certain number added to twice the number 
itself will give 15. Find the nimiber. 

24. The simi of the squares of four consecutive numbers is 
54. What are the nimibers? 'j , - 

25. A and B together can bind 1000 books in 6 days. When 
each works separately it is found that A can bind 1000 books in 

5 days less time than B. How many ' 

books can each bind in a day? 

26. A square garden which has an 
area of 144 sq. ft. has two walks of 
uniform width running across it at 
right angles to each other and to the 
sides of the garden. If the area of 
the walks is J that of the garden itself, 
find the width of the walks. (Fig. 37.) 

27. If a bullet is shot upwards 
with an initial velocity of v, the 

height s, to which it will rise, is given by the equation, 
V = y/2g8. What must be the velocity at the start of a bullet 
fired upwards if it is to rise to the top of the Metropolitan Life 
Building, 700 feet? (Assume g = 32.) 

28. 360 bricks of a certain size are required to cover a piece 
of paving. But, if the bricks were each 1 inch longer and also 1 
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inch wider, only 270 of them would be required. What are the 
dimensions of the bricks? 

[Suggestion: The length of a brick is twice its width, unless 
otherwise specified; assume bricks laid flatwise.] 

29. The altitude A of an isosceles triangle divides the tri- 
angle into two equal right triangles, (see Fig. 38). If A = 8, and 





FiQ.39 



a » c == 10, find the base and the area of triangle ABC. 
(Area = f •) 

30. ABC (see Fig. 39) is an equilateral triangle whose area 
I — ) is 64 \/3J and whose perimeter is 48. Find h. 

127. Solution by Formula. 

Example, ox* + 6x + c = 0, solve for x. 

SoMion. ax^ +bx =^ — c, subtracting c from both sides. 

he 

x^ +—X = > dividing both sides by a. 

a a 

*' +^ + (2^)'= - 7 + (^)'' "^^^^ (^J tobothrides. 
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X* -f — X + ( T- ) = — 7— — 1 combining terms in 2d member. 
a \2a/ 4 a* 

. b / 6« - 4 oc 1 ^/— -— ^ , . 

X + — = =b yJ—J-^fi— = =t — V 6« - 4 oc, takmg square 

roots of both sides. 

x= -T— ±r— V6*-4ac, subtracting ^ from both sides. 
2a 2a 2a 



Therefore, 


Xl = 




XXIV 


-b + Vb*-4ac 
2a 


and 


-b - Vb*-4ac 



2a 

are the required roots. 

The values of xi and X2 as given in the Formula XXIV 
above hold for all values of a, 6, and c. Hence the fore- 
going expressions may be regarded as formulas for the 
solution of quadratic equations. 

Example. 2x*+6x+4=='0, solve by formula XXIV. 

„ , ,. -6 + Vfe^-4a c 

Solution, Xi = 

2a 

• > since 6 = 6, a = 2, and c = 4, 



4 

= -1; 



2a 


- 6 + V 36 


-32 


4 
-6+2 
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and xt = 



-6 ■ 


- V6«- 


- 4ac 




2a 




-6 


- V36 


-32 


-6 - 


4 
-2 





4 

^__ _8 
4 

= -2. 

Therefore, — 1 and — 2 are the required roots. 

Check. 2(-l)«+6(-l) +4 =0, ifx = - 1, 

2-6+4=0, 

-6+6=0, 

0=0. 

2(-2)2 +6(-2) +4 =0, ifrc = -2, 

8 - 12 + 4 = 0, 

- 12 + 12 = 0, 

0=0. 

EXERCISE 

Solve examples in § 125, 1-10, inclusive, by formula. 

128. The Discriminant of the Quadratic. The expres- 
sion fe2 — 4 ac, which occurs as a radical in formula XXIV, 
may be used to determine the character of the roots; 
fe2 — 4 ac is called the quadratic discriminant. 

It will be observed that: 

(1) If b^ — 4: ac is positive the roots are real and 
unequal. For, if 6^ _ 4 ac is positive, its square root is 

real and on being added to and subtracted from > 

2 a 



QUADRATIC EQUATIONS 167 

the result will be two real and unequal numbers. Thus 
for 2 x2 + 6 X + 4 = 0, a = 2, 6 = 6 and c = 4, and 
6^ — 4 ac = 36 — 32 = 4. Hence its two roots are real 
and unequal. Actual solution of this equation showed 
that its roots were — 1 and — 2, which thus verifies 
the formula. 

(2) If b^ — 4: ac = 0, the roots are real and equal. 
For, in this case the radical becomes zero and both roots 

are equal to the same number, ■- -— • 

'2a 

Thus for the equation, x^ — Qx + Q^O, a = 1, 

6 = - 6, and c = 9. Hence 6^ _ 4 ^c = 36 - 36 = 0. 

The actual solution of this equation shows that x = S 

is the only root, or rather than both roots equal the same 

number 3 and so are equal, thus verifying the conclusion 

given above. 

(3) If 6^ — 4 ac is negaiivey the roots are complex* 
For, in this case we have the square root of a negative 
which is imaginary. And on being ^ combined with 

6 

— — the result will generally be in the form a + hi, 
Lt a 

which is complex. 

Thus for the equation rF2«-6a; + 16 = 0, o=l, 

6 = - 6, and c = 16 . He nce, 6^ _ 4 gc = 36 - 64 = 

- 28; X X = \ + i V - 2 8 = 3 + \ V -28; and X2 = 
i - J V - 28 = 3 - i V - 28. These results verify 
^he conclusion reached with the discriminant. 

*A com plex n umber con sists of a real and an imaginary part. 
Thus 2 + V — 3 and 1 — V — 5 are Complex numbers. The general 
form of suc h numbers is a + &i where a and h are real numbers and 
t ■= V — 1. In case o i s zero the complex number reduces to a pure 
imaginary. Thus 2 + V^ 3 = 2 + VT • V - 1 ^ a + 6i, when 
o = 2, 6 = V 3. i = V - 1. If a = 0, i VTor V - 3 is imaginary. 
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EXERCISE 



Determine from the discriminant the character of the roots 
of the following: 


1. 
8. 
5. 
7. 
9. 


x« - 7 a: + 4 = 0. 
y«+6y+9 =0. 
4a:* -3a: + l =0. 
6y* -3y = 1. 
3 a:« + « = 0. 


2. y« - 6 y + 9 = 0. 
4. 4a:* -16a: + 16 = 0. 
6. 8a:* -.4a: = 13. 
8. a:*+8x+7 =0. 
10. a;«+2«+4=0. 




X 


y 


0, 


-9. 


1, 


-8. 


2. 


-5. 


3, 


0. 


4, 


7. 


5, 


16. 


-1, 


-8. 


-2, 


-5. 


-3, 


0. 


-4, 


7. 



J£JQJ0 



129. The Graph of a Quadratic in x. 
Example 1. Construct the graph of a:« - 9 = 0. 
Solution, Put y = a:* - 9. Then if x = 0, y = - 9, etc. See 
table. 
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These points are plotted and connected by a smooth curve 
in Fig. 40. From this curve it appears that the given equation 
has two distinct solutions, a; = 3, and x = — 3, since the curve 
crosses the x-axis at the points (3, 0) and ( — 3, 0). 

Example 2. Construct the graph ofa:»— 6x-|-9=0 and show 
from the graph that this equation has equal roots. 

Solution. Puty = X* - 6 X + 9. Then if a: = 0, j/ = 9, etc. 
See table. 

These points are plotted and connected by the smooth curve 
in Fig. 41. A study of this curve shows that it does not cross 
the aj-axis at all, merely touching the axis at the point (3, 0). 
In such cases the two points of intersection of the graph with the 
axis have merged into a single point, that is, the roots are not 
distinct but equal. 




X 


y 


0, 


9. 


1, 


4. 


2, 


1. 


3, 


0. 


4, 


1. 


5, 


4. 
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Example 3. Construct the graph of x^ + 3 = 0, and show 
from the graph that this equation has no real solution, that is, 
its roots are imaginary. 

Solution. Put y = X* + 3. Then if a; = 0, 2/ = 3, etc. See 
table. 

These points are plotted and connected by the smooth curve 
in Fig. 42. It is seen also from the foregoing values for x and y 
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that no value of x, either positive or negative, will give a zero 
or a negative value for y; that is, all the points on this graph 
lie above the aj-axis. Hence on this graph there can be no inter- 
section of the graph with the x-axis, and hence no real solution; 
that is, the roots are imaginary. 
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X 


y 


0, 


3. 


1, 


4. 


2, 


7. 


-1, 


4. 


-2, 


7. 
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From the foregoing examples it will be seen that to 
construct the graph of a quadratic containing a single 
unknown represented by x, 

(1) Put the given expression equal to y. Since the result- 
ing equation contains two letters, x and y, it will clearly he 
satisfied for an indefinite number of pairs of values, x and 
y are variables. 

(2) Assume different values for x and compute the corre- 
sponding values of y. 

(3) Plot the points corresponding to these pairs of values 
for x and y. (Use cross-section paper.) 

(4) Join these points by a smooth curve; this curve will 
be the graph of the given quadratic. 
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It will also be seen that the abscissas of the points 
of intersection of the graph with the x-axis are the 
roots of the quadratic equation in x. Hence: 

(1) An equation whose graph intersects the x-axis in 
two points has two real and distinct roots. 

(2) An equation whose graph meets the x-axis in one 
point has equal roots. 

(3) An equation whose graph does not intersect the 
X-axis at all cannot have any real roots; that is, its 
roots are complex or imaginary. 

EXERCISE 

Solve each of the following equations graphically: 

i. a;« + 8 a; + 7 = 0. 2. 4 x* - 4 x = 20. 

3. 3 X* + X = 0. 4. 9 y* + 6 y + 1 = 0. 

5. 25 y« - 4 = 0. 6. x« + 2 x + 4 = 0. 

7. x* - 7 X + 4 = 0. 8. 3 x« + 4 X - 5 = 0. 

9. 4 x« - 3 X = - 1. 10. 8 x« - 4 X = 13. 

130. Equations in Quadratic Form. An equation con- 
sisting of three or more terms, two of which contain 
the unknown number, and have the exponent of the 
unknown number in one of these terms twice what it 
is in the other, is said to be quadratic in form. 

Thus, x« + 4 a:3 + 7 = 0; and y* - 3 i/* + 8 = 0, 
are quadratic in form. 

The solution of such equations is usually obtained 
by putting the lowest power of the unknown number 
in the given equation equal to the first power of some 
other letter; the second power of this letter will then 
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represent the highest power of the unknown number 
in the given equation. 

Example. j/« - 4 y» - 5 = 0, solve for y, 
SdvJtUm. Let x = y». 

Then x* — 4 x — 5 = 0, substituting x for 2/» in the 

given equation. 

(x — 5) (x + 1) = 0, factoring the quadratic in x, 

X — 5 = 0, or x + 1 = 0, equating factors 
to zero. 

Hence, x = 5, or x = — 1, 

and, since j^» = x, as assumed above, 

j/» = 5, and therefore, y = V 5. 

Again, since j/' = x = — 1, 2/ = y/^ 1 = — 1. 

Therefore, y = V5 and j/ = — 1 are two * of the solutions 
of the given equation. 

EXERCISE 

Using the method illustrated in the foregoing example, find 
two roots of the following equations: 

1. y< - 17 1/2 + 16 = 0. 2. 4> - 13 2» + 9 = 0. 

8. x« - 5 xi - 2 = 0. 4. 27 x» + 19 xl - 8 = 0. 

6. 3 i/i - 4 2/i = 4. 6. 9 yi - 13 yi + 4 = 0. 

* It should be remarked in passing that there are other roots also 
to this equation; to find such roots, however, is beyond the scope of 
this course. 
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7. X*- xi - 1 = 0. 8. (x - 5)* - 3(x - 5)* = 4. 

9. 2(2x - 3)i + 5(2x - 3)i - 7 = 0. 

11. ^8 - 5)« - 12(« - 5) = - 9/ 

12. {x + 2)» - (x + 2)1^ = 2. 

18. (3 2/^ - 5 yi - 2 = 0. 14. 9 « J - 15 « i + 6 = 0. 

16. 3 y« - 11 2/* + 10 = 0. 16. 4 1;* + 5 - 21 1^«. 

i:.,x + f)V4(.+ f)=21. 

18. V( 7 X - 6)« - 4 '^7x -6 +4=0. 

19. (x + 2) + 3 VxT2 -4=0. 

20. 3 (2x« - 1)« + (2x» - 1) - 2 = 0. 

(b) Radical Equations 

131. A Radical Equation is an equation containing one 
or more radical expressions. 

Thus, V2x + 5 = 2; V x + 1 - 2 = Vx - 1, and 
(x + 1)* = 16 are radical equations. It should be noticed 
that only the positive sign precedes the radical. 

Example 1. x^ « 8. Solve for x. 



Solution, V x* =8, definition of fractional exponent. 

X* = 64, raising both sides to the second power. 
X = 4, taking cube roots of both sides. 
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Check. (4)t = 8, substituting the value of a? in the given 
equation. 

(2)» = 8, 
8=8. 
Therefore, 4 is a root of the equation x^ == 8. 

Example 2. \^2x + 11 = V5, Solve for x. 
Solution. 2 X + 11 =25, raising both sides to the 4th power. 
2 a: = 25 — 11, subtracting 11 from both sides. 
2 X = 14, collecting terms, 
a: = 7, dividing both sides by 2. 
Check. -^ 14 + 11 = Vs, 
\/25"=6, 
5=6. 
Therefore, 7 is a root of the equation V 2 x + 11 =5. 
Example 8. y/2x +7 = Vx + 2. Solve for x. 
Solution. 2x+7=x+4 Vic + 4, squaring both 



X + 3 = 4 Vx, simplifying. 
a:« + 6 X + 9 = 16 x, squaring both sides. 
a?» - 10 X + 9 = 0, simpUfying. 
{x - 9){x - 1) =0, factoring. 
Therefore, Xi = 9, and Xj = 1, equating factors to zero. 
Check. V 18 + 7 = V^ + 2, substituting 9 for x. 
V^=3 +2. 
5=5. 
V 2 +7 = 1+2, substituting 1 for x. 
\/'9 =1+2. 

3=3. 

Therefore 9 and 1 are roots of equation V 2x +7 = \/~x + 2. 
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Example 4» V x - 2 + V4x + 1 = 3. Solve for x. 

Sdutian. (1) V4x +1 = 3 - Vx -2, subtracting 

V X — 2 from both sides of the given equation. 

(2) 4x+l=9-6 Vx -2 + (x - 2), squaring (1). 

(3) 3 x - 6 =» - 6 Vx -2, simplifying (2). * 

(4) a; _ 2 = - 2 Vx - 2, dividing both sides of (3) by 3 

(5) X* - 4 X + 4 = 4 X - 8, squaring both sides of (4). 

(6) x« - 8 X + 12 = 0, sunplifying (6). 

(7) (x - 6)(x - 2) =0, factoring (6). 

Therefore, x = 6 and x « 2, equating factors to zero. 

Check. V6 -2 + V24 + 1 = 3, substituting 6 for x. 
VT+ V^ = 3, 

2 + 6 « 3, which of course is not true. 

Therefore, 6 is not a root of the equation, that is, 6 is an 
extraneous * root. 

V2 -2 + Vs +1 = 3, substituting 2 for x. 
V^ =3, 

3=3. 

Hence, 2 is a root of the equation. 

* An extraneous root is a vahie of the unknown number that has 
been introduced at some point in the process of solving the equation. 
On going back over the solution of example 4 to find at what point 
the extraneous root 6 was introduced, it will be seen that this root 
value 6 satisfies equations (6) and (6) which are therefore equivalent, 
but fails to satisfy equation (4) and the equations preceding. Hence 
equations (1), (2), (3), and (4) are not equivalent to (5) and (6); 
and it was in deriving equation (5) from (4) that this value 6 was intro- 
duced. Equation (5) was derived from (4) by squaring (4), so that 
squaring the members of an equation is one of the ways in which 
extraneous roots may he introduced, In examples 1, 2, and 3 above 
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132. Stmimary. As illustrated in the examples of § 131 , 
the solution of an equation containing radicals is obtained 
as follows: 

(1) It 18 to be understood that when no sign precedes the 
radical only positive valves of such expressions are to be con- 
sidered. 

(2) When an equaiion contains bvi one radical term, this 
radical should constitute one member of the eqimtion. 

(3) When an equation contains but two radicals, it is to be 
transformed so that one radical shall appear in each member 
before raising to the required power, 

(4) When necessary to repeat the process of raising to a 
power, simplify each side of the equation as mu^h cw possible 
before doing this. 

(5) Solve the equation freed from radicals according to 
methods already given. 

(6) Check each result and reject any result that does not 
satisfy the given equation. 

EXERCISE 

133. In solving the following equations point out such as have 
extraneous roots: 

1. (2y + 1)* =5. 

2. V s - 11 + VT- 11 =0. 

8. V 3 X + 24 - VTx = 1. 

no such roots were found, however, so that squaring does not always 
lead to the introduction of extraneous roots. As frequently stated 
before, the only sure way of determining whether a number is a root 
or not is to see if it satisfies the equation. 
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4. Vtj - 2a - Vt? - 6a = V 2 r - 6 a. 
6. 2 y/ X +3 - 3 VlO -X = 0. 

6. 1 + Vx - I = 3. 

7. Vx +3 = V 2 a; - 10. 

8. </ X -1 = 2. 

9. (3 -x)i - (3 + x)J = 0. 

10. y - V 4 y« - 25 y + 6 = 6. 

11. Va; -a - Vx -6 = b. 

12. Vy - 1 + V2y -3 = 7. 
18. Vx -2 + V4x + 1 = 3. 
14. V 3 x* - 2 = 8 - X. 

16. Vx +3 + Vx -4 - \/4a; -3 = 0. 



CHAPTER IX 
FRACTIONS— RATIO AND PROPORTION 

(a) Fractions 

134. A Fraction in Algebra is defined as an indicated 

operation in division. The dividend is written above a 

horizontal line and is called the numerator of the fraction. 

The divisor is written below the same horizontal line and 

is called the denominator of the fraction. Numerator and 

denominator taken together are called the terms of the 

fraction. 

a 
Thus the expression — - , in which a and b represent either 



polynomials or numbers (excepting zero), is an algebraic 
fraction, a is the numerator, b the denominator; a and 6 
together are the terms of the fraction. 

The notation and rules of fractions as treated in arith- 
metic are used in algebra with but slight modifications. 

The laws of exponents and the laws of signs for integral 
numbers hold also for fractions. 

The fundamental theorem of fractions, however, may be 
be expressed as follows: 

a ma 

XXV T = —r' 

b mb 

where a, 6, and m are any numbers whatever, zero excepted. 

178 
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In words, this means that the numerator and the denom- 
inator of a fraction may be multiplied by the same number 
or divided by the same number without changing the value of 
the fraction, 

136. Common Factors. The nimierator and denomi- 
nator of a fraction often have one or more factors in 
common. In the simplest cases these common factors can 
be determined by inspection. In other cases the conmion 
factors can be determined only after the factors of numer- 
ator and denominator have been written out. The product 
of all the factors common to two or more polynomials is 
the highest common factor of these polynomials. 

Thus, 3, 2, a and b are the conmion factors of 12 ab 
and 18 a6; and 6a6, the product of 3, 2, a and 6 is, 
therefore, the highest common factor (designated H. C. F.), 
of 12 ab and 18 ab. Likewise, x — y is the H. C. F. of 
x2 — 2 xt/ + 2/2 and 7? — i/^. 

EXERCISE 

Find the H. C. F. of the following: 

1. 36, 42 and 48. 2. 108, 216 and 378. 

3. 12 abc, 16 ab and 24 6c. 4. 21 xy, 35 yz and 56 xyz. 

h, h — c and ab — ac. 

6. 6(w - ri)«, 9(m - n)», 12(m - n)«. 

7. (x - !/)», x« - t/«, x^ -2xy + yK 

8. 8 a^a* - 6*), a^a* + 6'), 3 a*{a^ - 6«). 

9. x* - 2/', a;* - 2/*, and x« - yK 
10. 4 p(a:« - 2/«)« and 2 pq(x* - y^). 
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136. Reduction to Lowest Terms. Since, Formula 
XXV, 

ma a 
mb b 

it follows that both numerator and denominator of a frac- 
tion may be divided by their highest common factor without 
changing the value of the fraction. 

Example. Reduce ^- ,, , to its lowest terms. 
"^ 12 aoV 

SoliUion. H. C. F. of 18 a^bc and 12 ah'c* is 6 a6c. 

18 a'^bc 6 abc (3 a*) 3 a« . . ,. , . ^ ,_ ^ . 
12^^ = 6abc{2bc) =26^' dividing both terms by 6 a5c. 



EXERCISE 

Reduce the following fractions to their lowest terms: 
24 a*b*c^ x^ - y« 



1. 



60a«6c 


a« - 2 a5 + 62 


4 2(a - b) 


s> -«' 


3(5 - 


X* - 2 art/ + t/« - .2=^ 


a: -2/ +2 


a(a« + a - 12) 



4. 



ix- 


»)' 




m* +2mn 


+ n« 




m +n 


3(6 - 


-a)(a 


+ c) 


3(6 - 


-fl)(o 


-c) 


6(a- 


-6)«. 


-6* 


9(a 


-6- 


fc)« 


36 »j 


« +97 


mn +36n» 



a6(3 a« - 13 a + 12) * 9 w» + 13 mw + 4 n« 
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137. Common Multiples. A common multiple of two 
or more expressions is an expression that is exactly divisible 
by each of the given expressions. The lowest common 
multiple of several expressions is the one of lowest degree 
that is exactly divisible by each of them. 

In the addition and subtraction of fractions it is fre- 
quently necessary to transform the fractions given into 
equivalent fractions which have a common denominator. 
This common denominator is the common multiple of all 
the denominators of the fractions to be added or sub- 
tracted. The lowest conmion multiple is designated 
L. C. M. 

Example. Find the L. C. M. of 24 abc, 18 ahc, and 12 abc. 
Solution, Factoring the given expressions, we have 

24a6c=2.2-2.3-a-6-c=2»-3-a.6.c. 

18a6c=3-3-2.a-6.c=2.32a.6-c. 

12 a6c = 2 • 2 • 3 • a . 6 . c = 22 . 3 • a . 6 • c. 

Since the L. C. M. is to be exactly divisible by each of 
the given expressions, it must contain 2^ as a factor. If 
the L. C. M. contains 2^ as a factor, it will also contain 2^ 
and any lower power of 2 as factors. Similarly, the L. C. M. 
must contain 3^ as a factor. Also, a, 6, and c will be factors 
of the L. C. M. Therefore, the L. C. M. of the given expres- 
sions is 2^ • 32 . a • 6 • c = 72 abc. 

From the foregoing example it will be seen that the 
method of finding the L. C. M. of two or more expressions 
is covered by the following rule: Resolve each of the eocpres- 
sions into its prime factors. Multiply together each of the 
different prime factors, taking each factor the greatest number 
of times it occurs in any of the given expressions. 
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EXERCISE 

Find the L. C. M. of: 
1. 9 a, 15 a6, 18 a6. 2. 15 mn, 54 mn\ 90 wVi. 

8. x* — a', X* — a*,x — a. 4. a» — c», a* — c*, c — a. 
5. a> - 6>, a* - 6*, a - 6. 6. 1 - j/', y - 1, y - 2, - t/«. 

7. a: + a, 3 x« + 3 ax + 3 a. 8. 2 x« + x, 4 x - 1, 4 x + 1. 
9. x> + 2/«, X + 2/, xy - X - 2/. 
10. 3 X* - 5 X + 2, 4 x» - 4 x» - X + 1. 

In each of the following examples transform the fractions into 
others having a lowest common denominator: 



11. 


2 3 
3' 4' 


5 
6' 




12. 


m +n m — n 
3 mn* ' 2 m^ 


18. 


3?/ 
X +3' 


5 




14. 


a 6 c 


x2 + 5 X 


+ 6 


a — b' b — a' — a — b 


15. 


3a 


4 
c H-d 




16. 


2y+5 2t/-5 


y2 _ 1 ' 2/» - 3 2/« + 2 y 


17. 


X -y 


X -ft/ 
a + 6 




18. 


xy xt/(a« - afe + 6*) 
a -b' a» - 6» 






19. -- 

(a ■ 


a 

-h){b 


-c)' 


6 




(6 - a){c - a) 






OA 


X* --1 


y 


(X -y)(x +y) 




*"• (X 


-J/)(a: 


+ y)' 


x» -y» 



138. The Signs of a Fraction. There are three algebraic 
signs to be considered in connection with every fraction; 
the sign of the numerator, the sign of the denominator, 
and the sign of the fraction as a whole. 
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Thus, the fraction ^^^ — ; — v" bas minus for the sign 

3(x + y) 

of its numerator, plus for the sign of its denominator, and 

minus for the sign of the whole fraction. 

The following rules relating to the signs of a fraction 

will be found of much value: 

(1) The signs of all the terms of a fraction may he changed 
without changing the value of the fraction, since this is equiv- 
alent to multiplying both the numerator and the denominator by 
the same number, — 1. (Formula XXV, m = — 1.) 

Thus, ::i^ = ^. 

— a + b a — b 

(2) The signs of all the terms of the numerator, or of all 
the terms of the denominator, muy be changed by changing 
the sign of the fraction, since this is equivalent to multiplying 
one of the terms of a fraction by — I. 

Thus, ^ -(m + n) ^m + n 

X — y X — y 

(3) The signs of an even number of factors of the numerator, 
or of the denominator of a fraction, or of the numerator and 
the denominator together, may be changed without affecting 
the value of the fraction, since multiplying by — 1 an even 
number of times is the same as multiplying by 1. Thus, 

(g — b){m — n){d — c) __ (a — b){n — m){c — d) __ ^ 
(a — 6)(n — m){c — d) (a — 6)(n — m){c — d) "" 

For, changing the signs of two nmnerator factors does not 
change the sign of the product. 

(4) Changing the signs of an odd number of factors of the 
numerator or of the denominator or of both those terms, changes 
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the sign of the fraction; since multiplying by — \ an odd 
number of timss means the same thing as multiplying by — 1 
once. Thus, 

(a-b)(c-d)(p-q) ^ (6-a)(d-c)(g-p) ^ _ 
(6 - a){d - c)(g - p) (6 - a)(d - c){q - p) 

139. Mixed Expressions. An expression that consists of 
an integral and a fractional part, separated by a plus or 
a minus sign, is called a mixed expression. 

Thus, M and X -\ — , since each consists of an 

n z 

integer and a fraction, are mixed expressions. 

m 

It should be observed that such an expression as M — 

n 

is not a mixed expression, since in algebra the omission of a 

sign between two quantities indicates a product. In 

arithmetic 5 J means the sum of 5 and f ; but to denote 

the same thing in algebra, the plus sign must be placed 

between the integer and the fraction; that is, the expression 

M + — , not M — , sigmnes the same as 5f does m anth- 
n n 

metic. It is very important for the student to remember 

this distinction as to fractions in what follows. 

140. Reduction of Mixed Expressions. Mixed expres- 
sions in algebra may be written in fractional form. 



Example. Reduce 2 x H to fractional form. 

X - y 

First, multiplying 2 x by (x — t/), gives 2 x* — 2 xy. 
Second, adding the numerator, y, to 2 x* — 2 xy gives 
2 X* - 2 xy + 2/. 
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Third, writing this sum as the numerator and x — y slb the 

2x* — 2xy •}• y 

denominator; gives as the fraction equivalent 

X -y 

to the given mixed expression. 

From the foregoing example we have the following rule 
for the reduction of a mixed expression to one fractional 
in form: 

MvUiply the integral part of the expression by the denom- 
inator of the fraction and add to this prodiLct the numerator 
of the fraction. Write the sum thus obtained over the denom- 
inator of the fractional part. 

EXERCISE 

Reduce the following to fractional form: 

1 *> 

1.2xy-\ 2.p+q- 



x-y • ^ • ^ {p+qY 

2 xij c 



X +y a^ —h* 



6.a-6+2^. 6.2-^^ 



a+b ' {x +] 



t 



2xy (b + c)' 

6* c 

9' a+ 7 TZT' 10. c +d - 



(a - 6)« ' 1 + c - d 

141. Reduction of Improper Fractions. If the numer- 
ator of a fraction is of the same degree or of a higher 
degree than the denominator, it may be divided by the de- 
nominator. The result will be an integer if the division 
is exact, and a mixed expression if not exact. Fractions 
that may be thus divided are called improper fractions. 

Thus, in the fraction of the preceding paragraph, divid- 
ing the numerator, 2 x^ — 2 xy + y, by the denominator, 
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(x — y), gives a quotient of 2 x and a remainder, y, which 
with its own proper sign is written over the denominator 
as a fraction. The process of changing an improper frac- 
tion into a mixed expression is thus the reverse of the process 
of changing a mixed expression into a fraction. 

£X£RCISE 

Express as integers or mixed expressions: 

a« -h gfe -h 6» ^ o« - 2 6« 

1. * 2. 

a 

8 a?'--2xy^y» ^ 

" ' X -y 

a* +b* 
a -f 6 

9.^'"^^ 10. 

X +y X* +y* +xy 

142. Addition and Subtraction of Fractions. 

Illustrative Examples. 

2 3 4 9 

1. In arithmetic, — + — + -^ = -r-; and in like manner in 

O d o o 

a h c a + b+c 
algebra, h — = . 

^ ' y y y y 

.3 5 9 10 19 J . ,., 

2. In arithmetic, 4" + "e" = 12 + 12 " 12' ^^ ^^ manner 



a +6 


a:> -2aT/»+i/» 


X -y 


p^ -rp +r* 


r -p 


27 a* -M 6« 


3 a - 4 6« 


x* + a;*y« + y* 



in algebra, 



a: 2x ^ a;(jr -f y) 2a: _ a:« + a^ / +2x 



X -y X* -y* x« - 2/2 x^ -y* x^ - y^ 
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The L. C. M. of the denominators, x —y and x^ — y^ is x* — y*, 
which is the denominator of the second fraction. Multiplying 
both terms of the first fraction by x + y, the quotient obtained 

X^ J— jT?/ 

by dividing (x* - y^) by {x - y) gives — j • Adding the 

X — y 

numerators of the two fractions which now have a common denom- 

inator, gives as the simi of the fractions. 

x* - t/« 

^ „. ... Sab 10 ac 

8. Simphfy ; rr: rr * 

* -^ a« - 6* 2(a - b) 

The L. C. M. of a* - b^ and 2(a - b) is 2(a« - 6«), which 
is consequently the lowest conmiom denominator of the denom- 
inators of the given fractions. Multiplying both t^rms of the 
first fraction by 2 and of the second fraction by (a + 6) gives 

10a6 J 10a«c + 10 aftc . , . . x- i. • 

— TT and — —, ; 1 equivalent fractions havmg a 

2(a* - 6*) 2(a« - 6*) 

common denominator. Subtracting the nimierators of these 

fractions gives, 

10 a6 - 10 g'c - 10 abc __ 10a(6— oc- be) _ 5a(b - ac - be) 
2(aa - 6«) " 2(a2 - 6») "" a« - 6« 

as the difference between the given fractions. 

From the foregoing examples it will be seen that the 
process of addition and subtraction of fractions may be' 
stated as follows: 

(1) If the fractions have a common denominator y they may 
be added or subtracted by adding or subtracting their numer- 
ators arid writing the result over the denomindtor, 

(2) // the given fractions do not have a common denominator, 
they must be reduced to equivalent fractions having a common 
denominator J after which their numerators may be added or 
svbtracted as before. 
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From the foregoing illustrative examples it will be seen 
that the lowest common denominator of two or more 
fractions is the L. C. M. of their denominators. 

EXERCISE 

Simplify: 

2y^ y 3y 3b 4by^ y 

. 5 2 1 'a+2c 6a -1 

4. 



' 2mn Smx nx ' 2ac 6 a* 

26»y+3 _ Sb+y x + 1 _ x -1 

46y« "^ 6y • 2 2 ' 

m — 1 w + 1 
* m + 1 m — 1 

^^ 3a:— 42/ 2x-y — « 15x — 4e 
"•—2 3— +^2-- 

11 'g + l ^ 2a: jg (m + n)' _ 2 -in 

(x —.1)' jr» — 1 ■ 4(to - n)* m — n 

l,._i__2 4-ff- 

y* + 2/ y* +y 

3m-3 2mH-2^6m-6 



2<-l 4<+2 ' 4<»-l 
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jy _* xy xy 

' X +y (x + 2/)* (x + y)* 

-a+2 g - 3 . 2a+5 



2a«+a-l 4 a* -1 2o*H-3aH-l 

^^^ 2 ."" 3a-l 2a-5 

19. 1 + a — 

a — 1 o 4- 1 2 

«« 2 a - 3 .a' 

20. — r-z — :; — z — rri + 



a-f4 a«-4a + 16a»H-64 

143. Multiplication of Fractions. The product of two 
or more fractions is a fraction whose numerator is the 
product of the numerators of the given fractions and whose 
denominator is the product of the denominators of the 
given fractions. 

r„,^ . . .^ . 2 4 8 
Thus, m anthmetic, « ^ - = — ; 
o 5 15 



, , a c ac 

in algebra, ^ X - = -• 

144. Division of Fractions. The quotient of one frac- 
tion divided by another is a fraction whose numerator is 
the quotient of the numerators of the given fractions and 
whose denominator is the quotient of the denominators of 
the given fractions. 

4 2 2 
Thus, in arithmetic, j: -^ q = «; 

y o o 



a^ a a 
inaJgebra. ^ h- - = - 
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EXERCISE 

146. Perform the operations indicated, expressing results in 
simplest form. 

Sam* 9 en' 2x 3fl* Sac_ 10x«y« ^ Axy 

* 27 en ' 16 am»* " b ' 2c ' a ' 2ab* "^ 8 oftc 

Suggestion: invert the terms of the divisor and multiply as 
in arithmetic. 

^ y« + y - 2 y« - 13 y + 42 
1/* - 7 y y* + 2 y 

Suggestion: factor each of the expressions. 
m«-4m+3 »m«-9m + 20 



5. 



m«-5m-f4 w*-10in+21 
8a 4a 



• o» - 6» * a* -f a6 -f 6« 



X* - xy +y* X* -{-xy +y* x -y 

y^^y -.12 y« - 2y - 3 ^ y«+y , 
• y^ -% ' yt ^2y -S y + 2 

Suggestion: invert terms of last fraction and multiply all 
three fractions together. 

a«+2a-15 a«+9a+20 



10. 



a«-f8a-33 a«H-7a-44 
a> -3a«6 +3a6«-6» 3 



a« - 6« 2 a6 - 2 6* 



l,t -hx -h +x 6« -8 ^ 8-6* 



6« - 3 6 + 2 6> - »» 6« -f fee + »« 



FRACTIONS 191 

flt , (6 , c)« ^ (6-c)«-a« 
• c« - (6 - a)« * (o - 6)» - c« 

6 c« - c - 2 2c«-5c-12 2c«-7c-4 
'4c«+4c-3' 9c*+6c-8 '^6c«+5c-4* 

/ 4 y« - 5 X + 1 \ / 3 x« - 4 a; + 1 \ ^ / I -3 a; +2x^ \ 
' \8x« -2a; -2/\3a;« -1 -6xV. ' \5x -1 -6xv' 

m» 4- n* m* 4- 2 vi^n* + n* 
" n 4- wi wiVi — 4 mn^ 

18. -*■ • • 

12 o« 16 .27_, 

19 ^'"^ ^ ^^ - yy 

\x y) ' \a;« "" yy 

146. Complex Fractions. A complex fraction is a frac- 
tion whose numerator or denominator or both consist of 
a fraction. A complex fraction may be considered as an 
indicated division of one fraction by another. 

A complex fraction is regarded as being simplified when 
the indicated division has been carried out. 

ab 



Example 1. Simplify: — r — 



a -6 



192 A FIRST COURSE IN ALGEBRA 

oh , -, 
— 7rX(a-6) 

SobuHim. ^ - B --) niultipl3dng both nume- 

^ V ^fl — M ^ rator and denominator 

o -. 6 ^ ^ t^; by (a - 6), Formula 

XXV. 

« o, dividing both numerator 
and denominator by &. 

Example 2. Simplify: r- 



Sdution. 



^ a d expressing numerator and 

~ ^ d + l' ^^^^^'^^^^^ ^ single 
1 ~d" 

cd +c d + 1 



1 +--;- — - — fractions. 
a a 



d d 



expressing as division. 



c(d + 1) d inverting terms of di^dsor, 

d d -f l' also factoring nmnerator 

of the first fraction. 

= c, dividing both terms by conunon factors. 



EXERCISE 

Simplify the following: 

a --6 -r. 

1. r* 2. 



0-6 X +y 

a+b V 
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3. * 4. * 

a» -6» 1 + A 

a a 

g g + 6 ' a; -2 a; +3 

^ 6 "^g -6 1 ^ a; - 3 a; + 4 

fe ^a-h ; ^- 1 7 ' 

gg+6 « — Ix— 3 

a; + 1 a; — 1 ' 6 4- c c 

a; — 1 a; + 1 « c b + c 

' a^ + 1 a; -T ' J. . ± 

x-lxc + l 6"*"c 

g -6 



».(-'-i)-^(--7)' i«- 



a-6- 



g +6 



3_ 3 5n« 5n« 



2n + 12n-l 8n» + l 8n»-l 



1 - 6« + 



1 — e* 



/ 1+x l+a;A / l+j« 1+xA 
' \1 + x* 1 + xV \1 + a:» 1 - xV * 

14. -^-^„+^ ' 



X — 1 X — 2 X — 3 X— 4 

Suggestion: Combine the first two fractions, then the last two, 
and then combine the results. 



15. (e2 +e'^)(l + 



c2 - 2 + e" 
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2y . 



17. (2 "xy +y*) -^ 



X +2/ 



a« - fe' - c^ _ 

,^ 26c • _ (c + d)» c« - cd + rf« 

• a« + 62 , gi • c» + d» c« + 2 cd 4- rf* 

2a6 ■*■ 



(b) Ratio and Proportion 

147. Ratio. A fraction has been defined as an indicated 

operation in division. A fraction is also called a ratio; 

a 
when 7- is written in the form a : 6 it is read " The ratio 


of a to 6.'' The first number of a ratio is called the ante- 
cedent; the second, consequent. 

148. A Proportion is an equality of fractions or ratios. 

4 2 
Thus, if — = -r, the four terms of these two fractions are 
' 6 3 

called a proportion. 

149. The Form of a Proportion. A proportion may be 

a c 
written in the fractional form, as — = --r; or, it may 

a 

be written thus: a: b = c : d. The first and fourth terms 

of a proportion are called the extremes; the second and 

third terms, the means. Thus, a and d are extremes, 6 

and c means, in the above proportion. 
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160. Operations Allowable upon Ratios and Proportions. 

Since a ratio is a fraction, whatever operations may be 
performed upon a fraction may also be performed upon a 
ratio. Hence, Formula XXV holds also for a ratio. And, 
since a proportion is an equality of two or more fractions, 
whatever operations may be performed upon an equation 
may also be performed upon a proportion; that is, we may 
add the same number to both sides; subtract the same 
number from both sides; multiply or divide both sides 
by the same number. 

161. The Fundamental Property of a Proportion. If 
a : b = c : d, then 

XXVI ad = be. 

This means that in any proportion the product of the 
means equals the prodiLct of the extremes. 

162. Standard Transformations in a Proportion. If 

a c a c 

a: b = c: d, then — = — ; and — + 1 = — + 1- 
a a 

adding 1 to both sides. 
Simplifying, 

^^^,^r a + b c + d a + b c+d 

XXVII — 7— = —1— ; also = 



This means that the four numbers a, b c and d are in 
proportion by composition. 
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Again, if fc" °°° "J ' 

it follows that -r 1 = — — 1, 

b a 

subtracting 1 from both sides. 

Simplifying, 

a — b c — d a — b c — d 

XXVIII — — = — — ; also, = ^• 

b d a c 

This means that the four numbers a, b, c, and d are in 

proportion by division. 

a c 
If unity be divided by each side of the equation t ~ "T' 

6 d 

neither of these terms being zero, the result will be 





a c 
b d 


or, simplifying. 




XXIX . 


^ -1 
a c 



This means that the numbers a, 6, c, and d are in pro- 
portion by inversion. 

Again, since ad = be, it follows that 

T- = ^-y dividing both sides by dc. 
dc dc 
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Simplifying, 






XXX 


a 
c 


b 
~ d' 
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This means that the numbers a, b, c, and d are in pro- 
portion by aUemation. 

163. The Solution of a Proportion is based upon the 
fundamental property, expressed in Formula XXVI, that 

ad = be. 

From this it follows that if three of the four terms of 

the proportion are known, the equation resulting from putting 

the product of the extremes equal to the product of the means 

may be solved for the fourth term in the same manner as 

any other equation containing a single unknown quantity. 

a c 
Thus, in -— = — » suppose a, 6, and c represent known 

X 

numbers, while x represents the unknown number. 

Then ax = be, fundamental^property. 

be 
And X = —> dividing both sides by a. 
a 

In the proportion, a : 6 = 6 : c, solving this for b as 

shown above for x, 6^ = ae; and hence b = y/ac* b in such 

case is called a mean proportional to a and c. 

EXERCISE 

Simplify the following ratios by writing them as fractions and 
then reducing the fractions to their simplest forms: 

1. 5 : 20. 2. 15 : 3. 

8. 4.5 :9. 4. f : ^. 
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». 16aft : 24o. «. (1 - x)« : (1 - x). 

¥md the value of the unknown in the following proportions: 

9. 4 : 7 « 16 : y. 10. 5 : x - 3 = 7 : 2 x + 6. 

1 9 

11. — :2 = 3:— . 18. 3:y«7:9. 

y 2 

IS. — s 2 » y : .5. 14. 40 : 6 » 8 : ». 

o 

llLa:5^\:7. x6.f:i. = 4:|. 

17. (x-2) 2(x-l) =4:5. 18. (y - 1) :4 - 6 : (y - 2). 
19. (m - 1)» : (m - 1) = 8 : 1. 20. 2 (* - 6) : 4 = 6 : 4 (A; - 5). 

Find a mean proportional between the following numbers: 
21. 4 and 9. ^22. 16 and 12. 

28. i and iV • 24. (x - y)« and 4. 
25. a*6> and a*b*. 26. ^ and i • 

27. V^and V^. 28. m and n. 

a h 
If — «= — > c is called a third proportional to a and 6. 
c 

Find a third proportional to the following numbers: 

29. 1 and 4. 30. 16 and 4. 
81. iandijV- 82. J and J- 
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Find the fourth proportional to the following numbers: 

88. 1, 2 and 3. 34. 7, 14 and 5. 

85. a, a* and a». 86. a + 6, a - 6 and a* - b*. 

11 ,1 

87. X*, a;' and X. 88. — > —- and --• 

Write each of the following expressions as a proportion: 

89. 4 . 5 = 2 • 10. 40. 3 • 6 = 2 . 9. 
41. mp = nq. 42. mn = 9. 

48. mn = m +'n. 44. a; — y = 3 • 4. 

Take the following proportions by alternation: 

46. f =|. 46. 4:5 = 10: y. 

h d X 

47. — = — • 48. — « 1. 

c 2 y 

Take each of the following proportions by inversion: 

4 m 16 

49. — =— 50. -- - — 

5 n 2 c 

61. f =^ t- 52. « : < = 14 : v. 

68. Take each of the last four proportions by composition; then 
by division; and finally by both composition and division at the 
same time. 
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PROBLEMS LEADING TO PROPORTIONS 




164. 1. The sides of a triangle are 4, 5 and 6 inches respectively. 
The side 6 is divided into two parts 
which have the same ratio as the other 
two sides of the triangle. Find these 
parts. (Fig. 43.) 

8. A flagstaff casts a shadow 36 feet 
long at the same time that a man 6 feet 
tall casts a shadow 43 inches long. What 
is the height of the flagstaff? 

Fia.43 8. The perimeter of a triangle is 81 

inches and its sides are to each other 
as 2:3:4. Find the sides of the tri- 
angle. (Fig. 44.) 

4. Two men start, at the same time 
and travel in the same direction, their 
rates of travel being to each other as 
2:3. In 5 hours they are 100 miles apart. 
Find their rates of travelling. 

6. Each of three herdsmen had the 
same nmnber of cattle and all were fed 
from a supply of grain furnished by the first two, one of whom 
furnished i as much as the other. The third man paid the 
others $30 for his share of the grain. How should this be 
divided between the other two? 

6. A teeter board is 12 feet long. Where must the support 
be placed in order that an 80-pound boy at one end may bal- 
ance a 60-pound boy on the other end and a 40-pound boy 5 feet 
from the other end. 

7. A bar 30 inches long is balanced by a 6-lb. weight at one end 
and a 10-pound weight at the other end. Find the position of 
the support. 




FlO.44 
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8. The perimeter of a triangle is 63 inches and the longest 
side is to the shortest as 3 : 2, while 
the other side is a mean proportional 
between the other two. Find the sides 
of the triangle. (Fig. 45.) 

In geometry if two figures are 
similar, the sides of the first taken 
in any order are proportional to the 
sides of the second taken in the same 
order. 




i-/ac 



9. The sides of a triangle are 5, 



Pig. 45 




Fio.4fi 



6 and 7 inches respectively, and in 
a similar triangle the side corre- 
sponding to 5 is 10. Find the other 
sides. (Fig. 46.) 

10. The sides of a triangle are 2, 
3 and 4. The perimeter of a second 



triangle similar to the first is 108. What 
are the sides of the second triangle? 
(Fig. 47.) 

In geometry, the areas of similar figures 
have the same ratio as the squares of their 
corresponding sides. 

11. The area of a triangle whose base 
is 10 inches is 50 sq.ins. If the area of a 
second triangle similar to the first is 200 




FiO.47 

sq.ins., what is the base of the 
second triangle? 

12. The area of a square is 
64. What is the ratio of the side 
of this square to the side of an- 
other square whose area is 9 times 
the area of the first? (Fig. 48.) 

13. Wishing to know the 
height of a church steeple down the street, a man noticed that 



Fig. 48 
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by holding a 12-inch ruler vertically in front of his face at the 

distance of two feet, the 
ruler and the steeple both 
subtended the same angle. 
Assuming that the lower 
end of the ruler was in the 
same horizontal line as his 
eye and the base of the 
steeple, and that the dis- 
tance down the street to 

the foot of the steeple was 600 feet, how tall was the steeple? 

(See Fig. 49.) In the figure, 6 « 12 inches 

= 1 foot, DC « 2 feet and CA = 600 feet. 

X =? 

14. Wishing to know the distance between 

two points on opposite sides of a moimtain, 

stakes were set at A, C and D, and another 

at ^ so that DE would be parallel to A5, 



Fio. 49 




Fig .50 




Fig. 51 



and the following measurements 
taken: c = 6000 feet, e = 4000 feet, 
and h = 7000 feet. How far is B from 
A? (See Fig. 50.) 

15. How many proportions can 
you make with a, 6, c, p, m and n, 
when these quantities are the 



sides of similar triangles as in 
Fig. 51? 

16. In a circle the perpen- 
dicular from any point in the 
circumference to the diameter is 
a mean proportional between the 
two segments of the diameter. In 
Fig. 52 DC is perpendicular to 
AB and meets AJ5 in C which 
is 4 units from A and 16 units 
from B, How long is DC1 




Fig. 52 
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MISCELLANEOUS EXERCISES FOR REVIEW 

166. 1. Change — 1 H , .,. to an improper fraction. 

4 a^o^ 

2. Simplify in the shortest possible manner: 



x+2 X -3 x+3 X -2 
8. Simplify: 



1 1 1 ' 6 

a a+— a' , ab -\ 

a a a* a 

Perfonn the operations indicated in the following: 

r/m+n m — n \ / m* + n» 4- 2nA 1 /m+n m—n \ 
L\m — n m -\-n/ \ m — n /J' \m— n m-{-n) 

ix2j^^x^^^:r 2x^^ + 2r\ 

g + y + g g' (g + y)' . j^ , g 

' x+y (x + j/)« ■*■ (x +!/)»-- g» ■*■ x+y' 



7. Simplify: 



•" i^fh _ ^\ny ^ ^\ "• »3i 



a(a — 6)(a — c) 6(6 - a)(6 - c) *c(c - c)(c - 6) 

xy yz xz 

{y + g)(x + g) (g 4- x)(x + y) (x + j/)(2/ + g) 

2a:yg 



(a; + y)(y + g)(x + g) 
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*a— p a+p a—p a-^p 

\y* JV-y }\y I \«*+xy+W 
1 • ^"^ _ y . (x' - y')' 

*a:»-y' x' +y' (x» - y»)» + (x» +y«)»' 
». ..+1-3(1-..) -4(.+i).(. + l). 

\a» a z z^l \a z J 

\m — n m 4- n/ \m* + n* m* — n»/ 

16. Find the value of a» + 6» + c» - 3 afcc, if a = .5, 6 = .02 
and c = 2.5. 

17. Using the same values for a, & and c as in Example 16, 
find the value of a* + 6« + c« + 2 a6 - 2 ac - 2 6c. 

a c 
If T" = -T» prove the following: 
a 

18. a — 6 : a = c — d : c. 

19. a - 6 : 6 = c — d : d. 

20. a— 6:a+6=c-d:c+d. 

In words this means that in a series of equal ratios the simi of 
all the antecedents is to the sum of aU ^he consequ^ets »s any 
antecedent is to its consequent. 
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ace 
(Suggestion: Put -— = -7 « — - = A;. Then a =bk, c = dk 
oaf 

and e = fk. Why? Next add these equalities.) 

22. If ad = 6c, show that a :b ^ c :d. In words show that 
if the product of two numbers a and d, equals the product of two 
other numbers, 6 and c, one pair of these niunbers may be made 
the means and the other pair the extremes of a proportion. 

23. The capacities of two tanks are to each other as a; : ^, 
and their combined capacity is a:» + y* gallons. Find the capacity 
of each. 

24. The ratio of the annual savings of two boys is 2 : 3. If 
in 5 years their combined savings amount to $1000, how much 
did each save in a year? 

25. The sides of two squares are to each other as 2 : 3 and their 
combined area is 1300 sq.ft. Find the sides of the squares. 

26. Let the side of a square be 10 inches and let the middle 
point of one side be joined to the ends of the opposite side. What 
is the length of each of the two equal sides of the isosceles triangle 
thus formed? 

27. Let s denote the side of a square and d its diagonal. Express 

(1) 8 in terms of d; (2) d in terms of s. 

28. Let the diagonal of a square be 20 inches and let s represent 
one of the sides. Express s (1) as a radicaLin its simple&t form; 

(2) as a decimal to two decimal places. 

29. Let the side of a square be 12 inches and let d represent 
the diagonal. Express d (1) as a radical in its simplest form; (2) 
as a decimal to two decimal places. 

30. Find the altitude and the area of an equilateral triangle 
whose side is a feet. 

81. What are the altitude and sides of an equilateral triangle 
ivhose area is ^ V3? 
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32. Find the altitude and the side of an equilateral triangle 
whose area is a» Vs. 

Simplify each of the following: 

„. ^(L _ ±). ,4. (-±- _ i) Ji - 4. ). 

P+q\q Vf Xk-n / \ k+n/ 

a» - 6» a + 6 a* - b* a« - 6« 



36. 



36. 

38. 


£! Ml 

2/« a;« 


X 

1+a 
a 


'-i 



a -6 (a -6)* (a + 6)» a«+t« 
a 1 — g 



»7.i±^ 



1 -a 



1 +a 



39. 



V2 V3 
40. (2 VT+ 3 VY) -5- VI5. 



CHAPTER X 

FRACTIONAL EQUATIONS— LITERAL LINEAR EQUA- 
TIONS-LINEAR SYSTEMS IN THREE OR MORE 
UNKNOWNS 

(a) Fractional Equations 

166. A Fractional Equation is an equation containing 

fractional expressions some of whose denominators contain 

5 1 X — 2 
the imknown. Thus, 3 = —(x — 1) and 

3x - 5 



x + 2 



8 are fractional equations. 



167. The Solution of Fractional Equations when the 
denominators are monomials is readily obtained by multi- 
pljdng both sides by the L. C. M. of the denominators, thus 
freeing the equation of fractions; and then solving the 
resulting equation as in Chapter IV. When the denomi- 
nators are poljmomials, the solution depends on the form 
of the polynomial denominators. The illustrative solutions 
given below will be sufficient to indicate the method to 
be pursued in solving the examples that follow. 

168. Illustrative Problems. 

« 

1. Solve _+_=___; 

207 
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SkhOUm. 5x+6 - 13x - lO.mnltiidyiiigbothadesbylSz, 
the L. C. M. of the denommatois. 
5x — 13x s — 10 — 6, sobtiacting 13 x and 6 frosi 
both sides. 
— 8 X = — 16, collectiiig tenns. 
Therefore, x » 2, dividuig both sides by — 8. 

^*^' 3 10 15 6' 30 "30* 
J. Solve -5- + ^ 7 



1-xl+x l-x« 

Sdvtian. 5 (1 + x) + 6 (1 - x) = 7, multiplying both sides 
by (1 — x') the L. C. M. of the denominators. 

5+5x+6 — 6x =7, removing the paren- 
theses. 
5x-6x=7-5— 6, subtracting 5 
and 6 from 
both ffldes. 
— X = — 4, collecting terms. 
Therefore, x = 4, multiplying both sides 

by -1. 

^,,56 7 ^ 

Check. 7 + 



l-4'l+4 1-16 

3 "^ 5 " 15' 15 " 15' 



8. Solve 



X — 4 X -- 5 



X — 3 — (x — 2) _ X — 5 — (x — 4) combining terms 
Sdviion. (^ _ 2)(x - 3) " (x - 4) (x - 5/ on each side. 

- 1 - 1 . ,.. . 

-, simplif jTng terms. 



5 X + 6 X* - 9 X + 20' 
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x*-9a;-f20 =x» — 5x + 6, multiplying both sides by the 

L. C. M. of the denominators. 

x'— a;'-9x-|-5a;=6-20, subtracting x^ — 5x and 20 from 

both sides of the equation. 

— ^ x = — 14, combining terms on both sides. 

Therefore, x = 3i, dividing both sides by — 4* 

1-2= -2 -(-§), 

_^ £ 

3 3 ' 

EXERCISE 

169. Solve each of the following equations for the unknown 
quantities and check solutions: 



5. 



X -3 X ' ' a; +3 x +5 

h + lS h +3 n-2 _ n-hl6 

h + U'h+2' 'n-4"n+2' 

y« + 2 y - 3 y - 1 3e - 20 _ 3e - 12 

3i/2 +4y + 1 "y + r • e-2 "" e+3* 

A; -1 A; -4 ^ 1 . 2 -3 



k+S k-1 x-S x+3 x^-d 

1 X - 6 a; 5 1 



X - 2 x* - 25 x2 - 25 

yjf2 yJ-_3 ^ 4y+9 
' y +S y +2 y^ +5y +Q 
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'3 3 1 (It should be noticed that these are 

'^^~y~'~x'^~^^ simultaneous linear equations.) 

(2)A_A,1. 

SdvHan, ' 

3 3 

— = -—, by subtracting equation (1) from (2). 
y 4 

12 = 3 y, multiplying both sides by 4 y. 
y = 4, dividing both sides by 3. 

3 3 1 

= — -. substituting the value of 2/ in (1). 

Ax 4 

O I Q 3 

= f subtracting — from both sides. 

X 4 4 ° 4 

12 = X + 3 X, multiplymg both sides by - 4 x. 

12 = 4 X, collecting terms. 

Therefore, x = 3, dividing both sides by 4. 

Check, 

f - f = - J> by substitutmg m (1). 

|. _ I = |, by substituting in (2). 
I - 1 = i- 
i =i- 

14.(1)|-|=1. 16.(l)|-3r=4. 

(2)1+A=2. (2)A+2r=f- 
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IS 33 3.75 .^^.l^.l.ijzJ. 

' x+5^ .5{x - 8.5) 4t> ^ 2 v 

20. (1) 3y - — = 10. (2) 2y +^ = 4. 

21 2 



(b) Literal Linear Equations 

160. A Literal Equation is an equation in which some, 

if not all, of the known numbers are represented by letters. 

a d 
Thus, ax — b = cz — d; and 6 = c > are literal 

X X 

equations; also, ax — b = 2 is literal. 

161. Illustrative Problems. 

a d 

1. Solve — — 5 = c — — 

X X 

Solution, a — bx = ex — dj multiplying both sides by x, 

— bx — ex ^ — d — a, subtracting a and ex from 

both sides. 
— (5 + c)x = — {d + a)y collecting terms. 

Therefore, x = i » dividing both sides by — (5 -h c). 

-\- c 

2. The sum of two numbers is s and their diflference is d. 
What are the numbers? 

Solviion. 

Let X = the smaller of the two numbers. 

Then d -\- x = the greater number. 

And X -\- d -\- X ^ 8. 

X + X = 8 — d, subtracting d from both sides. - 

2 X = s — d, combining terms. 

8 — d 
Therefore, x = —z — > dividing both sides by 2, 

and a: + d = —z h d = — jr- = the greater number. 
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S. Solve for both unknown numbeis: 

(1)— +— =c. 

^ y 

a' h' 
(2)-+— =c'. 

X y 

Sdrdum, 

ab' W 

(3) — + — = he, equation (1) multiplied by h\ 

X y 

a'h W 

(4) — + — = ftc', (2) multipUed by 6. 

(5) [ab' - a'5) — = 6'c - 6c', subtracting (4) from (3). 

(6) a h' — a'h = (6'c — hc')Xj multiplying both sides of (5) 

by X. 

(7) Therefore, x = ^ , y dividing both sides by (6'c — he') . 

aa' a'h 

(8) — + — = a'c, equation (1) multiplied by a'. 

X y 

aa' ab' 

(9) — + — = oc', equation (2) multiplied by a. 

X y 

(10) {a'b - ah') — = a'c - ac', subtracting (9) from (8). 

y 

(11) a'h - ab' = {a'c — ac')y, multiplying both sides of 

(10) by y. 

(12) Therefore, y =-7-^ — ;, dividmg both sides by (a'c-ac'). 
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EXERCISE 

162. In the following equations solve for x and y unless 
otherwise noted: 

1. ax +bx ^ 2(a> + ab). 

2. ay -f 6 = 6y 4- a^. 

8. h— +a6=fcc-fac+ — 

a c 

4. (1) a: + y = a. 

(^) X — y ^ h. Solve for x and y in terms of a and h, 

5. (1) n + n' = «. 

(2) n " n' ^ d. Solve for n and n' in terms of « and d. 

6. (1) 2e+A; =a. 

(2) e — A; = c. Solve for e and k. 

7.(1)-+--/. 

(2) . = e. 

X y 

^ b(x - h) . a(a; - a) 

o. H r- =0+0. 

x — a X — 6 

9. (1) kx - ex' ^ c. 

(2) A;'x - e'x' = c'. Solve for x and x'. 

y y y i-« 

10. — -f — + — = m+n+p. Find y in terms of m, 
^^ ^P ^P n,andp. 

11. (1) ox + 6y = 2. 

(2) ex +dy ^2. 
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18. 


(l)o (*+»)- 10. 
(2) c (x - y) - 4. 






IS. 


(2)x+»-6. 






14. 


or —b , br —a 
br or 


o + 


a-b 
abr 


IK 


a +y a -y 


2 





Solve for r. 



'6+y b —y y^ - b* 

16. gt* -{-vt - 8. Solve for t. (Divide by g and complete the 

square.) 

17. (1) !1±2 . 16. 

m — n 

(2) 7 m - 8 n = 0. Find m and n. 

...C-L + l-i. 

x y n 

z y 

b a 1 

19. (1) -+-= T- 
X y 6 

6 a 1 

(2) = — • Solve for x and y. 

X y 7 

V V a 

2 12 

(2) — H = T • Solve for v and r'. 

u' V b 

21. <* - 2 < - (2 m + 1) = 0. Solve for t. 

22. s* - (a - 5)s - a6 = 0. 
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28. (a + b)y* + (3a + 6)y -f 2a = 0. 

24. —(20+11-1 +d) =«. Solveforn. 

ab 1 
26. — = 6e + d H Solve for x. 

X X 

26. Solve each of the following for r: 

a 



(a) 8^ 

(b) 8^ 



I -r 

rl — a 
r -I 



27. Evaluate each of the expressions in the preceding example 
for 8 when a = 2, / = 6, and r = J. 

In each of the following formulas, which are in fact literal 
equations, solve for the letter designated: 

E ne 

28. C = Solve for r. 29. C = Solve for n. 

R +nr R -hnr 

30. a «!?^i±i]. Solve for a. 31. ^, = ^- Solve for P". 

82. — = — + — + -r.- Solve for R. 
R r r r' 

33. Solve the following for x and y: 

{\) x+ey ^d. 
(2) ax-y ^f, 

b c 

34. (1) =4. 

X y 

d k 

(2) 1 =5. Solve for x and y. 

X y 
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PROBLEMS 

163. 1. The sum of two numbers is s and their difference is 

d. What are the numbers? 

> 

2. Divide a dollars between two boys so that one shall have 
d dollars more than the other. 

8. A line c inches in length is divided into two parts which are 
to each other as w : n. What is the length of each part? 

4. Two men are d miles apart and are traveling towards each 
other, one at the rate of a miles an hour and the other at the rate 
of b miles an hour. In how many hours will they meet? 

6. A boy in spending his money for oranges finds that if he 
had bought n more for the same money each would have cost 
him a cents less; if he had bought a fewer for the same amount 
each would have cost him b cents more. How many oranges did 
he buy? 

Problems Yielding Fractional, Literal, Linear and Quad- 
ratic Equations. 

6. A boy starts to walk from Oklahoma City to Norman, 
which is 18 miles distant, at the same time that another boy starts 
from Norman for Oklahoma City. If the first boy walks at the 
rate of 4 miles an hour while the second makes as many miles 
per hour as it requires hours for them to meet, where will they 
meet? 

7. A tourist rode to the top of a mountain in an automobile 
at the rate of 8 miles an hour and walked down, after spending 
one hour and thirty minutes at the top, at the rate of 3 miles 
an hour. On his return he found that he had been gone 6 hours. 
How many miles was it to the top of the mountain? 

8. A steamer running from New York City to Liverpool covers 
an average daily distance of 480 miles. It is followed after two 
days by a second steamer which makes an average of 660 miles 
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a day. In how many days will the second steamer overtake the 
first? 

9. The difference between the third and fourth parts of a 
certain number exceeds the difference between the twelfth and six- 
teenth parts by 3. What is the number? 

10. Find two. consecutive numbers such that the fourth and 
eleventh parts of the less exceed the fifth and ninth parts of the 
greater by L 

11. A father's age is equal to the combined ages of his two 
children and his wife. But in 26 years his age will be only half 
their combined ages. What is his age? 

12. A chauffeur finds that he can make the round trip from 
Oklahoma City to Guthrie, traveling at the rate of 16 miles an 
hour, in a certain time; but that if he increases his rate on the 
outgoing trip 2 miles an hour and decreases his rate on the return 
trip by 1 mile an hour, it will save J of an hour on the round 
trip. Find the distance between these two cities. 

13. The product of two numbers added to their sum gives 
19; and 5 times their sum taken from the sum of their squares 
leaves — 10; find the numbers. 

14. The diagonal of a rectangle is 9 inches longer than one 
of the sides and 63 inches longer than the other side. Find the 
area of the rectangle. 

15. A train running at the rate of 60 miles an hour overtakes 
a man walking in the same direction and passes him in 10 seconds. 
It also meets another man walking in the opposite direction and 
passes him in 8 seconds. If both men walk at the same rate, 
find the length of the train. 

16. In a certain election the successful candidate's vote was 
to that of his nearest competitor as 6:5, and the number of 
electors not voting was 1228. If. the defeated candidate had 
received from those not voting an additional number of votes 
equal to ^\ of the entire vote of the precincts voting, he would 
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have been elected by a majority of 200. What was the aumber 
of votes cast? 

PROBLEMS FROM SCIENCE 

164. 1. It is determined by laboratory experiment that the 
intensity of illmnination from a light is directly proportional 
to the candle-power and inversely proportional to the square 
of its distance from the source. 






Fio. 53 



1 



In Fig. 53, let Li and La denote the positions of two lamps, Ci 
and C2 their respective candle-powers and di and dj their respective 
distances from P, a point in the same straight line with Li and L2, 

Denoting intensity of illumination by /, it follows that 

^""^irci ^""^m:^^ ^'^j^rc^d?- 

It should be noted that the foregoing equations are linear 
in C but quadratic in d. Solve (c) for di. 

2. As a vessel enters the harbor two signal lights having 
2000 and 1500 candle-power respectively and situated a half 
mile apart appear to lie nearly in a straight line and to be equally 
bright. How far is the vessel from the nearer light? 

(Suggestion: h ^ I2] solve (c) for di.) 

3. A single arc lamp illuminates a screen as brightly as two 
such lamps of the same power placed 10 feet farther from the 
screen. What is the distance of the two lamps from the screen? 

4. Assuming that the above equations hold also for heat, 
find the distance of a person from a fire if by moving 5 feet farther 
away the intensity of the heat is \ as great as before. . > 
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6. How far is a person from a lamp when by moving 3 feet 
nearer the intensity is 6 times as great as before? 

6. The horse-power produced by water running over a dam 
is directly proportional to the height of the dam. At Niagara 
Falls the water falls 165 feet and the power thus generated is 
estimated at 1,000,000 horse-power. What will be the power pro- 
duced when the fall has been reduced to 100 feet? 

7. The most pleasing rectangle to the eye is that one having 
the ratio 7 : 5 between its length and width. What then should 
be the width of a door 7 feet 7 inches high? 

8. The steepest part of the railway up Pike's Peak has a rise 
of 1 foot in 2 feet 7 inches of track. Were this rise imiform what 
would be the rise in 1 mile? 

9. The law governing the revolution of the planets about the 
sun is stated thus: 

where Pi and P2 denote the periods of revolutidn; di and 
di the mean distances from the sun. Assuming the earth's distance 
from the sun to be 92,000,000 miles, its period as 365 days and the 
period of Venus as 225 days, find the distance of Venus from 
the sun. 

10. Assuming 687 days as Mars's period and the other conditions 
as in the preceding problem, find Mars's distance from the sun. 

11. A train running at a uniform rate required 2 hours more 
time to make a trip than would have been necessary if its rate 
had been 8 miles an hour more. But if the rate had been 10 miles 
an hour less, it would have required 4 hours more to make the 
same trip. What was the length of the trip? 

12. An automobile can travel over a certain course in one hour 
less time by increasing its speed 3 miles an hour; it can also cover 
the same course in 1^ hours less time by increasing its speed 5 
miles an hour. What is the length of the course? 
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18. Two persons 10 miles apart, starting at the same time, 
will come together in 6 hours if they both walk in the same direc- 
tion, or in 2 hours if they walk towards each other. At what 
rates are they walking? 

14. In placing telegraph poles between two cities, it was found 
that if the poles had been placed 12 feet farther apart, 4 poles 
less to the mile would have been required. How far apart were 
the poles placed? 

15. In copying a manuscript containing 12,000 words, a boy 
finds that he can write twenty-five words more per minute by 
using a tjrpewriter than by using a pen. If the typewriter saves 
him 1 hour and 20 minutes in copying the manuscript, what was 
his rate per minute with the typewriter? 

16. The hypotenuse of a right triangle is 20 and one of the 
other two sides is 12. Find the length of the other side. (Sug- 
gestion: Letic= length of one side.) 

17. The area of a triangle is 40 square inches and its base is 
2 inches longer than its altitude. What is the altitude? 

18. A tree standing on level ground was broken over so that 
the top reached the ground 50 feet from the foot of the tree, the 
other end of the part broken off remaining attached to the stump. 
The stump was 25 feet more than J the height of the tree. What 
was the height of the tree? 

19. For a yacht race a 40-mile course was marked out in the 
form of a right triangle one leg of which was 10 miles longer than 
the other. What was the length of each leg of the course? 

(c) Linear Systems 

164. Systems Involving More than Two Unlmowns. 

Given the equations: 

(1) X + 2/ + 2 = 6, 

(2) 2x + 3y+^z = 22, 
iZ) 2x + y+z = 7, 
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we may obtain: 

(4) 3 X + 4 y'+ 5 2 = 28, by adding (l) and (2), 
{5) 5x + 5y + 6z^ 35, by adding (1), (2) and (3), 
(6) a: + 2 y + 3 2 = 16,by subtracting (l)from (2). 

Equations (1), (2), and (3) are independent with respect 
to each other, since none of them can be obtained from the 
others. Equations (4), (5), and (6) are called derived 
equations with respect to equations (1), (2), and (3), since 
each of them was obtained by adding or subtracting (1), 
(2), and (3). 

An equation in three or more letters is linear if no one 
of the letters is multiplied by itself and no two of the 
letters occur in the same term as a product. Equations (1), 
(2), and (3) are linear. 

' A system of three or more independent linear equations 
containing three or more unknown numbers has one set 
of roots and but one, provided that no two of the given 
equations are inconsistent. 

166. Solution of a System of Three Linear Equations. 
Example 1. Solve for Xy y and z the following system: 

(1) X + 2/ + 2 = 6. 

(2) x+2y +z ^S. 

(3) 2 X - 2/ - 2 - 3. 

Solution, 

(4) 2/ = 2, subtracting (1) from (2). 

(5) Sx = 9, adding (1) and (3). 

(6) a; = 3, dividing both sides of (5) by 3. 

(7) 3 + 2 + = 6, substituting values of x and y in (1). 
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(8) 2 « 6 — 3 — 2, subtracting 3 and 2 from both 

sides of (7). 

(9) 2^ = 1> combining terms in 2d member of (8). 

Therefore, a; =« 3, y -2 and 2 = 1 is the required set of roots. 

Check. 3+2 + 1 =6, substituting values of x, y and z 

in (1). 
6=6. 
3 + 2 (2) + 1 = 8, -substituting values of x, y and z 
in (2). 
8=8. 
2 (3) - 2 — 1 = 3, substituting values oi x, y and z 
in (3). 
3=3. 

Example 2. Solve for Xy y and z, the following system: 

(1) X +ay ^b. 

(2) ax +z ^ c, 

(3) z +cy ^ a. 

Solution. 

(4) ax -{- a^y == a6, multiplying (1) by a so as to 

eliminate x between (1) and (2). 

(2) ax +z =^ c. 

(5) z — a^ =^ c — ahf subtracting (4) from (2). 

(3) z +cy = a. 

(6) cy -h a^ =" ci — c + f^^j subtracting (5) from (3). 

(7) (c + a^)y ^ a — c + ah, collecting terms in (6). 

(8) y = —f dividing both sides of (7) by (c + a*). 

c ~t~ a 

(9) X =b — ay, subtracting ay from both sides of (1). 

(10) X = 6 — -» substituting value of 2/ in (9). 

^ c + a^ 
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(11) a; = ; — ; f simplifjang (10). 

c -\- a* 

Vu* ni -L. (y* 

(12) X = ^-i— » simplifying (10). 

(13) z = a — cy, subtracting q/ from both sides of (3). 

(14) z = a ; » substituting value of 2/ in (13). 

c -\- a'^ 

(15) z = ; — ; » sunplifymg (14). 

c -\- a* 

0% .L. /*2 __ tl2)C 

(16) 2 = . combining similar t^rms. 

c -\- a'^ 

Therefore, 

a — c -\- ab he — a'^ -\- ab . a'-|-c'— ahc 
y — , X = : — and z = 

are the required roots. 

From the foregoing examples it will be seen that the 
solution of a system of three linear equations in three 
unknowns may be obtained as follows: 

(1) Eliminate one imknown from any pair of the given 
equations and the sam£ unknown from any other pair, thereby 
deriving from, the given system of three equations with three 
unknowns a new system of two equations with two unknowns, 

(2) This new system may be solved by methods already 
given. 

(3) Having found the values of two of the unknovms the 
third may then be found by substituting in one of the given 
equations that contains the third unknown, the values of the 
other two, and solving the resulting equation which now con- 
tains but one unknown. 
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Systems consisting of four or more equations with four 
or more unknowns may be solved in a similar manner. 

EXERCISE 

Solve the following systems and check results: 

1. (1) a; -h 2/ -h 2 = - 1. 2. (1) y -h 8 X -h 5 2 = 1. 

(2) 5 a; -f 3 2/ -h 2 2 = 1. (2) 3 y -h 4 x + 10 2 = - 6. 

(3) 3 X - y - 5 2 = 13. (3) a; = 4 2. 

«. (1) x+ — y ^55. 4. (1) Xi+Xi-xi ^ 5. 

(2) — X + y = 50. (2) xi - x, - X, = 1. 

(3) z-\- —y ^ 50. (3) xi H- 2 X2 - 3 XI = - 3. 

6. (1) 5 y + 3 X « 65. 6. (1) 3 r + s + « = 9. 

(2) 2 X - 2 = 11. (2) r - « + 2 « = 6. 

(3) 3 y -f 4 2 - 57. (3) r -f 2 s - « = 0. 

7. (1) ax H- 6y « c. 8. (1) x -h y -I- « = 0. 

(2) X + (fo = c. (2) 5 X -h 3 y H- 4 2 - - 1. 

(3) cy -\- z --f, Solveforx, (3) 2x - 7?/ + 62 = 21. 

y, and 2. 

A 10 Ifi 
9. (1) ax - 6y = 1. 10. (1) — + — -f ~ = 18. 

X y z 

(2) ex -f dy = 2. (2)- ~ +— +~ = 23. 

X 2/ 2 

iQ a 12 

(3) ay -f 62 = 3. (3) ~ -f - + — = 25. 



X y 2 



Solve for x, y, and 2. 
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PROBLEMS 




FiO.55 



167. 1. It is known from geometry that the tangents to a 
circle from a point without are 
equal. Hence, when a circle is 
inscribed in a triangle, as in Fig. 
55, the tangents Cm and Cn are 
equal; also Am and i4p are equal 
and Bp and Bn are likewise 
equal. 

If a = CB = 60, h ^CA ^ 
100, and c = AB = 90, how 
long are the tangents? 

2. In triangle ABC, Fig. 56, a H- 6 = 48, 6 H- c = 41 and 
a + c = 43, where a, h and c denote the 
three sides. Find the length of each 
side. 

3. The perimeter of a certain triangle 
is 60 feet. Two of its sides are equal 
and the third is 10 feet shorter than the 
other two together. What is * the length 
of each side? 

4. Two of the angles of a triangle 
are equal and their sum is f of the 

third angle. How many degrees in each angle? 

6. Angle A of a certain triangle is 17° larger than angle B 
and angle B is 23° larger than angle C. How many degrees in 
each angle? 

6. Diophantus, the Grecian mathematician, who lived in 
Alexandria in the first half of the fourth century, gives this problem: 
**Find three numbers such that the sum of each pair is a given 
number." Supposing the given numbers are 20, 30 and 40, solve 
this system. 




Fio. 56 
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7. Suppose the given numbers of the preceding problem are 
a, 6 and c. Solve the system 

(1) a: -h y - a, 

(2) x+z^b, 

(3) y + z = c, for x, y and z, 

8. The sum of three numbers is 70. One-half the first and 
second plus the third equals the first number; and twice the third 
plus the first equals three times the second. 

9. In a certain triangle angle A exceeds angle B by 10° and angle 
B exceeds angle C by 20°. How many degrees in each angle? 

10. The sum of the dimensions of a rectangular box is 48 
inches. The breadth equals one-half the sum of the length and 
depth; and the depth is i of the sum of the length and breadth. 
What are the dimensions of the box? 



CHAPTER XI 
SIMULTANEOUS QUADRATICS 

168. Systems Involving Quadratics. The number of 
systems of equations of the second degree in two variables 
that are solvable by quadratics is limited. The algebraic 
solution of such systems in general is beyond the scope 
of a first course in algebra. Three types of these systems, 
however, will be considered in this chapter. 

169. Linear and Quadratic. The solution of two simul- 
taneous equations, one being linear and the other quad- 
ratic, is obtained by the method of substitution. 

Example 1. 

(1) x-y =5. 

(2) ocy = 24, solve for x and y, (Equation (2) is of the 

second degree. Why?) 

Solution. a; = 5 -»- y, equation (1) solved for x in 

terms of y. 

y (5 H- y) = 24, substituting the value of x in equa- 
tion (2). 

y* H- 5 2/ =24, removing the parentheses. 

y* -f 5 y — 24 = 0, subtracting 24 from both sides. 

(y — 3) (y -f 8) = 0, factoring the last equation. 

y — 3 = 0,' or y + 8 =0, equating factors to zero. 

Therefore, y = 3 ory = - 8. 

. 227 
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d sincei 


« = 6 -f y, 




% 


x=5+3, orx=5 


-8. 


Therefore, 


« = 8, or a; = - 3.* 





Check. 8 - 3 «» 5, substituting for x and y, in equation (1). 
also, - 3 - ( - 8) « 6 
6 «6. 
3 • 8 « 24, substituting for x and y in equation (2). 
( _ 3) ( - 8) =24, substituting for x and y in equation (2). 
24 =24. 

Example 2. 

(1) x« -f 3 y« = 31. 

(2) a; -f y = 5, solve for x and y. 

x - 5 - y, X in terms of y from equa- 
tion (2). 
(5 _ y)« + 3 y» = 31, substituting for x in equa- 
tion (1). 
25 — 10y+y*+3y' =31, removing parentheses. 

ys -j. 3 y» _ 10 y = 31 - 25, subtracting 25 from both 

sides. 
4 y' — 10 2/ = 6, combining similar terms. 
2 y' — 5 y = 3, simplifying by dividing both sides 
by 2. 
2t/i — 5y— 3=0, subtracting 3 from both sides. 
(2 y + 1) (2/ - 3) = 0, factoring. 

Hence, y = — §, or, y = 3, equating factors to zero and solv- 
ing each. 
Since, a:=6-y, ir=6-3=2, when y = 3. 
a; = 5 - ( - i) = 5i when y = - J- 
♦ Observe that x ~S when y = 3; and x = - 3 when y « - g. 
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EXERCISE 

Find two values for each letter representing an unknown 
number in the following: 



1. 


xy^l2. 


8. X + y - 8. 




^-3. 

y 


xi^ = 12. 


8. 


xy « 16. 


4. xy - 6. 




X - y = 2. 


3x-2y =16. 


5. 


u+v ^ - 10. 


6. 5 - « = 4. 




w« + «« = 122. 


2a« =42. 


7. 


3gh = 10. 


8. r« + a« = 45. 




36^ + 36 A =.289. 


r - 3 = 3. 


9. 


' x' - x" = 36. 


10. x' + x" = 9. 




x' • x" = 37. 


(xO* + (x")* = 27. 


11. 


V ^ gt. 


12. c« + 9 « + 4 e = 68. 




s ^vt -h J^« find rand e. 


2 e + 3< = 2, solve for « and e. 


13. 


3 r H- 2 « = 5. 


14. t; = V 2 ^s. 




rs - 6 r = - 3. 


s = f< H- igt* solve for t; and L 



16. A« + A;* + A; = 10. 
;i H- ^- + 1 =0. 

PROBLEMS 

170. 1. A box is to be made having a capacity of 96 cubic 
feet. Its length is to be 4 times its depth and its width is to be 
3 times its depth. What will be its dimensions? 

2. The perimeter of a rectangle is 80 feet and its area is 300 
square feet. Find its dimensions. 
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8. A lot having an area of 5000 square feet is surrounded by 
a walk 5 ft. wide. A fence outside the walk, and extending around 
the whole lot, is 340 feet long. What are the dimensions of the 
lot? 

4. The sum of two numbers is 5 and the square of the first 
plus twice the square of the second is 22. What are the numbers? 

5. The product of two numbers is 12 and their quotient is 
3. What are the numbers? 

171. Two Quadratics of the type aa^ + by^ + c = 0. 
The solution of two quadratic equations, each of which is 
of the form ax^ + by^ = c, is obtained by eliminating one 
of the unknowns by addition or subtraction. 

Example. 3 x* - 6 y» = 3. 

a;2 -f y« = 25, solve for x and y. 

Solution. 

3 a;* - 5 y2 = 3, equation (1) as given. 

3 X* + 3 2/2 = 75, equation (2) multiphed by 3. 

82/*= 72, equation (I) subtracted from equation (2), 
multiplied by 3. 
y^ == 9, dividing both sides by 8. 
2/ = ± 3, taking square roots of both sides. 
Since, a: = =fc V 25 — y^, equation (2) solved for x 

= it V 25 — 9, substituting the value of y 

= zL V 16, combining terms 

= ± 4, taking square roots of both sides. 

Check, 3(4*) — 5(3*) = 3, substituting values of x and y in 

equation (1). . . j . 

48 — 45 = 3, simplifying. 

3=3. 
4* -f 3* =25^ substituting in equatipn (2). - 
25 = 25. ^^^-i^"--H '....-..> .... ...-, -. .:?-i c-\.o.^> 
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EXERCISE 

Solve for both unknown numbers : 

1. a;2 + 2/« = 41. 2. 4 s* + 7 <* = 32. 

a;2 - 2/2 = 9. 3 s« - lU* = - 41. 

3. n^ +m^ ^ 13. 
5 n* - 2 m« = 2. 

4. The sum of the squares of two numbers is 194, and the 
difference of their squares is 144. What are the numbers? 

6. The square of the hypotenuse of a right triangle is 100 
and the difference in the squares of the other two sides is 28. 
Find the sides of the triangle. 

172. Homogeneous Quadratics. An equation is homo- 
geneous when all of its terms containing the unknown 
numbers are of the same degree. 

Thus, ax^ + bxy + q/^ = 5 is a homogeneous quadratic 
in X and y, since each term containing the unknowns is of 
the second degree. 

Also, a3^ + bx^y + cxy^ + dy^ = e is a homogeneous 
equation of the third degree. 

A system consisting of two homogeneous quadratics may 
be solved in either of two ways as illustrated by the follow- 
ing example: 

Example. (!) x^ — xy = 54. 
(2) zy -y^ = 18. 

First solution, 
(1) a;2 — xy = 54. 

(3) 3xy -3y^ = 54, (2) multiplied by 3. 
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(4) x« - 4 xj/ -f 3 2/« = 0, subtracting (3) from (1). 

(5) (x - 3 ?/)(x - y) = 0, factoring (4). 

(6) X = 3 y and x = t/, equating factors of (5) to zero, etc., 

(7) 9 y* - 3 1/* = 54, substituting x = 3 y in (1). 

(8) 6 y* =54, combining terms in (7). 

(9) 2/ = ± 3, solving (8) for t/. 

(10) X = 3( ± 3) = ± 9, substituting y = ± 3 in (6). 

(11) y* — y^ — 54, substituting x = y in (1). 

(12) « 54, which is impossible. 

Hence, the solution isx = ±9, y = ±3. 

Check. (=h 9)« - (± 9)(± 3) = 54, substituting in (1). 
81 -27 = 54. 
54 =54. 

And (=t 9)(=t 3) - (± 3)2 = 18, substituting in (2). 

27 - 9 = 18. 
18 = 18. 

Example. (1) x^ — xy = 54. 

(2) xy — 2/2 = 18, same system as before. 

Second solution, , 

(3) x^ — vx^ = 54, putting y - vxin (1). 

(4) vx^ — v^x^ = 18, putting y = z^x in (2). 

(5) X* (1 — v) =54, collecting x^ tenns in (3). 

(6) X* {v — v^) = 18, coUectng x^ terms in (4), 

54 

(7) x* = :; , solving (5) for x*. 

1 — V 

18 
(8 x* = -, solving (6) for x\ 

V — 7)* 
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54 18 

(9) :; = -> equating values of xK 

1 — V V — V* 

(10) 64 » = 18, multiplying both members of (9) by « - vK 

(11) t> « —» solving (10) for v. 

o 

X , , 

(12) y ~ T"' smce we assumed y = ta. 

o 

X* X 

(13) x» - — = 54, substituting y = — in (1). 

(14) x = db 9, solving (13) for x. 

X 

(15) y = it 3, since y -= -- in (1). 
Hence the solution isa;«db9, t/ = =fc3. 

Check, These roots, being the same as already found and 
checked, require no further checking. 

173. Summary. To solve a system consisting of two 
homogeneous quadratics in x and y. 

First Method: 

(1) Eliminate the constant terms by addition or sybtradion 
of the two equations after first multiplying by such number or 
numbers as vnll make these terms equal, 

(2) Factor the equation thus derived every term of which 
contains one or both of the unknowns and by equating these 
factors separately to zero determine the value of x in terms of y, 

(3) Substitute this value for x in one of the original equa-- 
lions and solve the resulting quadratic in y in the usual way. 

(4) Determine x from the known value of x in terms of y. 

(5) Check all solutions by substituting in both equations of 
the system. 
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Second Method: 

(1) Assume y = vx and substitute this value of y in both 
equations of the system, 

(2) Solve each of the resulting equations for 7? and eqwate 
the two values thus obtained. This will give an equation in v. 

(3) Solve for v and substitute in y = vx. 

(4) Substitute the value of y in terms of x in either equation 
of the given system and complete the work as by the first 
method. 

It will readily be seen that the difference in the foregoing 
solutions is in the method by which the value of x in terms 
of y is determined. 

EXERCISE 

174. Solve the following systems and check solutions: 

1. x« -f j/« = 13. 2. x« + a;y - 2 2/* = 4. 

xy = 6. x« - 3 xy = - 2. 

8. x^ +xy ^ 12. 4. 2 x2 - xy = 28. 
2/2 - 24 = - xy. a;2 -f 2 2/2 = 18. 

.6. 5 ;r« - 2/' = 1. 6. s» + s« - 5 <« = 25. 

3 yj - X2/ - 10 = 0. s« + 4 e« - 40 = 0. 

7. a;« - xj/ + 2/* - 21 = 0. o A _l 1 ^ 

• 2/* -2a;2/ + 15 =0. ' x^ y^ 

2xy =C, 

(Suggestion: In 8 determine x in terms of y from equation (l))i. 

9. (1) a^* + ft*s« = C^ 

(2) r' — 2 r « + s* = c^d*. Solve for r and s. 

(Suggestion: r=s+cd or r=s — cdby factoring (2), equating 
factors to zero.) 
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10. 3 x^ H- 3 art/ = 36. 
2 xi/ + 2 2/2 = 48. 

11. Solve systems in 1 — 7 by both methods. 

176. Symmetric Equations of the third or fourth degree 
may often be solved readily by dividing the variable member 
of one equation by the variable member of the other. 

Example 1. (1) x* -f y» = 35. 

(2) X -f 2/ =5. 
SoltUion. 

(3) x« - xy + y« = 7, (1) divided by (2). 

(4) X = 5 — y, (2) solved for x in 

terms of y. 

(5) (5 — yy - 2/(5 — y) + 2/* = 7, substituting for x in (3). 

(6) 3 2/' - 15 2/ + 18 = 0, (5) simplified. 

(7) (3 2/ - 6) (2/ - 3) = 0, (6) factored. 

(8) Therefore, y = 2 or 3, equating factors of 

(7) to zero, etc., 

(9) and x = 3 or 2, substituting y = 2 or 

3 in (4). 

Check, (3)» H- (2)» = 35, substituting x = 3 and 2/ = 2 in (1). 
27 + 8 = 35. 
35 = 35. 
3+2=5, substituting x = 3, 2/ = 2 in (2). 
5=5. 
(2)» + (3)3 = 35, substituting x = 2, 2/ = 3 in (1). 
35 = 35. 
2+3=5, substituting x = 2, 2/ = 3 in (2). 
5=5. 
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\ 
Example 2. (1) x* + x«2/« H- y* = 21. 

(2) x*+xy +y* -= 7. 

Solution. 

(3) a:» -f 2/« - xy = 3, dividing (1) by (2). 

(4) x* + y' * 5, adding (2) and (3) and simplifying. 

(5) 2xy =4, subtracting (3) from (2). 

(6) iT + 2/ « 3, adding (5) to (4) and taking square roots. 

(7) x — y = 1, subtracting (5) from (4) and taking 

square roots. 

From (6) and (7) it is readily seen that x = 2 and y = 1 are 
the required roots. 

EXERCISE 

Solve the following systems as illustrated in the foregoing: 

* 1. x» H- 2/» = 91. 2. x2 + a:?/ -f 2/« = 7. 

x -f 2/ = 7. X* H- xV H- 2/* = 91. 

8. x> -h y> - 6. 4. 1 + J/» = x\ 
x+2/=o. l-|-y=x. 

6. x« + xy -- ^. 6. x» + J/» = 2 a» H- 6 a. 
y* +xy ^ I'^g- x2 - xi/ H- 2/2 = a« -h 3. 

7. x* -f a:2/ + 2/' = 21. 8. x» + 2/' - 218 = 0. 
X + "V^^ + 2/ = 7. x« - X2/ -f 2/* = 109. 

9. a; _|_ y = 65. 10. \^ + \^ = 4. 
a:l -I- yl = 5. X -h 2/ = 28. 
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PROBLEMS 



176. 1. The hypotenuse of a right triangle is 20 feet and the 
sum of the other two sides is 28 feet. What is the length of the 



2. Find two numbers such that their sum is a and their product b. 

3. The difference between two numbers is 2 and the difference 
between their cubes is 98. Find the numbers. 

4. The sum of the sides of two squares is 104 feet and the sum 
of their areas is 346 square feet. What are the sides? 

5. The hypotenuse of a right triangle exceeds one of its sides 
by 2 inches and the other by 4 inches. What are the sides? 

6. The mean proportional between two numbers is 6 and 
the sum of their squares is 97. Find the numbers. 

7. The perimeter of a rectangle is a feet and its area is b 
square feet. What are its dimensions? 

8. The sides of a triangle are 4, 5 and 6. 
Find the altitude considering 5 as the base. 

(Suggestion: Represent segments of 
base on either side of the foot of the 
perpendicular by x and y.) 

9. The dimensions of a rectangle are 
in the ratio of 3 to 5 and the length of 
its diagonal is 2 V 34. Find the dimen- 
sions. 

10. The legs of a right triangle are 3 and 4. A line is drawn 
from the vertex of the right angle to a point in the hypotenuse 
dividing the given triangle into two triangles (a) which have 
equal perimeters, (6) equal areas. 

Where does the Une meet the hypotenuse in (a)? In (6)? 
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PROBLEMS FOR REVIEW OF QUADRATICS 



177. 1. A ladder 25 feet long and standing in a street will 
just reach a window on one side of the street 20 feet above 
ground; if turned over on its foot to the other side of the street, 
it will just reach a window 15 feet above ground. Find the 
width of the street. 

2. In a light triangle one leg is 5 feet longer than the other; 
while the hypotenuse, c, is 5 feet longer 
than the other leg. What are the lengths 
of the sides? (Fig. 58.) 

3. The sum of the squares of two num- 
bers is 41; the difference between the 
nimibers is ^^ of their sum. Find the 
numbers. 

4. A number added to its reciprocal 
gives ff- What is the number? 

6. Upon being wet cloth shrinks } in 

length and ^ in width. If the number 

Fig. 53 of yards of cloth in a certain piece is 

decreased by 5f , by being wet, and the 

perimeter of the piece after shrinking is 38 yards, what were the 

dimensions of the piece before being wet? 

6. Find three consecutive numbers having a product equal to 
3 times the middle number. 

7. A park is 80 rods long and contains 60 acres. Two drive- 
ways of the same width cross the park at right angles to each 
other and parallel to the sides. If the area of the two driveways 
together is 784 square rods, what is their width? 

8. A farmer is cutting wheat in a field 80 rods long and 60 rods 
wide. How wide a strip must he cut around the outside of the 
field in order that i of the field may be left uncut? 

9. A bin is to be built to hold 10 tons of coal. It is to be 
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twice as long as it is wide and 5 feet deep. Allowing 40 cubic 
feet to the ton, what will the other dimensions of the bin be? 

10. The area of a rectangle is 120 square feet and the length 
of its diagonal is 17 feet. What are its dimensions? 



PROBLEMS FROM SCIENCE 

178. 8 =" igt*, in which t denotes seconds of time, g = 32.16, 
and 5 distance in feet, is an equation giving the relation between 
these quantities; either tors being known, the other may be found 
from the foregoing equation. 

s = t?< + i ^2, and 8 = vt — ^ gt^, in which v denotes initial 
velocity and the other letters have the same meaning as before, 
give the distances 5 passed through in t seconds by a body pro- 
jected vertically upward or downward. 

1. A ball was dropped from the top of a high building and 
reached the ground in 7 seconds. How high was the building? 

2. An arrow was shot vertically upward and struck the top 
of a steeple in 5 seconds. If the velocity of the arrow at the start 
was 600 feet per second, what was the height of the steeple? 

3. A ball was thrown downward from the top of a high cliff 
with an initial velocity of 300 feet per second, and struck the 
ground in 7 seconds. How high was the cliff? 

4. A body is projected upward with a velocity of 200 feet per 
second. When will it be at a height of 100 feet? 

5. A ball is thrown horizontally from the roof of a high building 
with a velocity of 100 feet per second. Supposing that it will 
strike the ground in the same time as if allowed to fall vertically 
and that it reaches the ground in 5 seconds, what is the height of 
the building? 

6. t; = V 2 g's, gives the velocity that a body must have in 
order to rise to a height of s feet. What must be the initial 
velocity of a bullet, that is, what must be its velocity on leaving 
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the gun, if it is to pass over the Washington monument, height 
555 feet? 

7. The value of g on the moon is 5.4; compare the distances 
passed over in 5 seconds by bodies falling freely on the moon 
and the earth. 

8. From the equation v = \2gs determine the height to 
which a ball fired upward with an initial velocity of 2200 feet 
per second will rise, (a) if fired from the earth; (6) if fired from 
the moon? 

9. To determine his height a balloonist drops a torpedo which 
will explode on striking the ground, and observes that it is 12 
seconds before the explosion takes place. How high was he? 

10. Experience has demonstrated that the best speed is attained 
by making the driving wheels of a locomotive 6 feet in diameter. 
What is the diameter of the smaller carrying wheels, if they make 
120 more revolutions in going a mile than do the drivers? (Mile 
- 5280 feet.) 



CHAPTER XII 

THE BINOMIAL FORMULA— FACTOR THEOREM 

179. The Binomial Theorem for positive integral expo- 
nents. We have already learned that 

(a + 6)2 = a2 + 2 oft + 62, 

and (a + 6)^ = a^ + 3 a26 + 3 a62 + 6^, 

(o + 6)^ = a* + 4 a36 + 6 a262 + 4 a63 + 6*, 

as may be shown by actual multiplication. Suppose, now, 
that n represents the exponent in any one of the above 
cases, it will be observed that 

(1) The first term in each result is a**. 

(2) The second term in each is rwi**" ^ 

(3) The exponents of a decrease by unity from term to 
term while the exponents of 6' increase by unity from term 
to term. 

(4) The coefficient of any term after the first is equal to 
the coefficient of the next preceding term multiplied by the 
exponent of a in that term and this product divided by the 
exponent of 6 increased by unity. 

(5) The number of terms in the result is n + 1. The 
above process is called the expansion of a binomial. These 
results hold true for n = 2, n = 3, and n = 4, as shown in the 
examples given, and it can be proven that results obtained 

241 
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in this way will hold for Miy integral value of n. Hence, we 
have the following formula, known as the binomial formula: 

XXXI (aH-b)° . a" + na" - * •■ b + °^° ~ ^qV" * ' ^* 
. n(n-l)(n-2)a°-n>» 

rpu • n(n-l) . . . (n - r +2) ^_,.i ,^ ,. 
The expression -^^ .. _ ^. ^ o** '^ + ^ • 6*^- ^ is 

known as the rth term of the expansion of the binomial. 
By means of this expression any desired term of the result 
may be written down at once by substituting the proper 
values for n and r. 

For example, it is desired to know the 7th term of the 
expansion of (a + 6)®. 

Here n = 8, r = 7, r — 1 = 6, n — r + 2 = 3, and 
n •«- r + 1 = 2. This gives 



ORAL EXERCISE 

180. Express as a power of a binomial: 

1. .x» - 3 x*y + 3 xy* - yK 2. - x» + 3 x« - 3 x + 1. 

S. 1 - 3 a + 3 a« - a». 4. x< - 4 x*y + 6 x*2/« - 4 xy* + i/«. 

* |2^ is read factorial two and means 2X1. |3^ =3X2X1 and 
|4 = 4 X 3 X 2 X 1. In general |w = n{n - l)(n - 2)(n - 3) . . , 
In - (n ^ 1)1. 
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6. a« - 3 a*6« + 3 a«6< - h\ 6. 8 c» - 12 c«d -f 6 cd« - d». 

7. x» - 5 a:*2/ + 10 x^y^ - 10 x*2/» -^5xy* - yK 

8. 16 a< - 32 a» + 24 a« - 8 a + 1. 

9. «» + 3 ««w + 3 <ti» + ti». 10. a*^ -h 3 a«^6« + 3 a^h^ + h^. 

EXERCISE 

181. Expand by formula XXXI : 

1. (1 -a)K 2. (2 a -5)*. 

3. (2x -3y)». 4. {ax +hy)K 

6. (^ -yy» 6. (m-2n)«. 

7. (x« - «»)\ 8. ( — - cdj . 

9. [a - (6 + c)]*. 10. [(a - 6) + (c - d)l«. 

Give the first three and the last terms of each of the following: 

18. (2 - C). 14. (I + f )'. 

Using the expression for the rth term determine: 
16. The 5th term of (a - by\ 16. The 7th term of (1 - a)". 

17. The 10th term of (2 a + 3 6)". 

18. The 9th term of (v + q)\ 

19, The 4th term of (« " t) * ^^' ^^^ ^^^^ *®"» o^ (^ - !)"• 
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81. The 7th term off— - -^j'- 22. TheSdtermof (f""^ y) * 

25. The 3d term of [a + (6 - c)]». 
24. The nth term of [6 - (c + d)]". 

26. The 4th term of (a " * + 6 " >')•. 

182. Factor Theorem. aoX** + aiX** " ^ + a^x^ ~ ^ + 
Orr" ~ ^ + . . . On, in which Oo, ai, etc., are any real numbers, 
is the general form of a polynomial in x. Equated to zero 
this gives 

(.4) flox'' + flix'^ - ^ + a^x"" - ^ + . . . + On = 

as the general equation of the nth degree in x. 

Factor Theorem: If h is a root of the egtuition (A) 
then X — b 18 a factor of its left-hand member. 

Thus, x^ — 3x2_^2 = 0is satisfied for a; = 1, as may 
be shown by substituting 1 for x. Hence x — 1 is a factor 
of x3 - 3 x2 + 2. , 

Again, x" — 6** = is satisfied for x = 6, since by sub- 
stitution we have 6** - 6** = or = 0. Hence, x" - 6** 
is exactly divisible by x — 6, which is therefore a factor of 
the polynomial. 

The factor theroem is useful in determining the binomial 
• divisors of any polynomial; also in determining roots of 
equations. 



EXERCISE 

Using the factor theorem, determine a binomial factor of each 
of the following: 

1. a^ 4- b\ 2. x« - y\ 

8. 1 - xK 4. a» -b\ 
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6. a;' + 3 xhf + 3 xy* + yK 6. <» - 3 «*w + 3 tu^ - uK 

7. y* -7y^ -{-Uy^-^-y -21. 

8. 16 a* - 32 a» + 24 a« - 8 a 4- 1. 

9. x» + 2 x« + 3 a: + 2. 

10. a^ + 3 a^bv + 3 a'b*v + 6»«'. 
11. x« + 2/«, a being odd. 12. 8 x» - 12 zhj + 6 x«2/« - y«. 

By using the factor theorem show that each of the following 
equations has the root given. 

18. a;» + 12 x« + 31 r - 20 = 0; a; = - 5. 
a;»-l 6»-l . 

16. 2/» + 2 2/2 + 3 2/ + 2 = 0; y = - 1. 

16. a:* - 7 x» + 14 x« + X - 21 = 0; a; ="- 1. 

Find a root to each of the following equations, using the Factor 
Theorem: 

17. a;» + x« + a; + 1 = 0. 18. a;* - 4 x> + 2 a;^ + a; + 6 = 0. 

19. x» + 3 x« - 5 a; - 10 = 0. 20. x* - 2 x« - 3 a: - 2 = 0. 

21. a;< + 3 x» + 4 x2 - 12 X - 32 = 0. 

22. 3 x» - 16 x« + 23 X - 6 = 0. 

23. x» + x« + X + 1 =0. 

24. Show that (1 - x)^ is a factor of 1 - x - x** + x'^^^ n 
being a positive integer. 

26. Show that (x - 1) is a factor of nx**"^^ - (n + 1) x** + 1, 
n being any positive integer. 
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square. 157 

solution by factoring, 123 
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quadratic in form, 171 
radical, 173 
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systems of 

dependent, 91 
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inconsistent, 93 

linear, 62, 63, 81, 82, 
220-226 

quadratic, 227-240 
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Exponent, integral, 10 

fractional, 138 

negative, 140 

zero, 140 
Extremes, of proportion, 194 

Factoring, 97-122 
Factors, 9 
Factors of 

binomials, 98, 106, 107, 108, 
109 

polynomials, 118, 119, 120, 
121 

quadratic trinomials, 100-104 
Factor theorem, 244 
Fractions, 178-194 

complex, 191 

improper, 185 

laws of, 178 

reductions of, 180, 181 

signs of, 182 

terms of, 178 

Graphical solutions of linear 
systems, 61 

Graphs, 55-61, 168, 169 
of linear equations, 57, 58 
of quadratics, 168-170 

Imaginaries, definitions, 137 

operations upon, 150 
Inversion, of proportion, 196 
Involution, 109 
Irrational numbers, 137 

Lever, problems, 84 
Literal equations, 211-215 

Mean proportional, 196 
Means, of proportion, 194 
Mixed expressions, 184 
Multiplication, principles of, 67 

law of exponents, 68 

law of signs, 68 



Multiplication of 
fractions, 189 
monomials, 69 
polynomials, 71, 72 
positive and negative num- 
bers, 23 
surds, 146 

Negative exponents, 140 

numbers, 13 

results, meaning of, 48 
Number systems and scales, 15, 
16 

symbols, 1 
Numbers, complex, 167 

ima^nary, 137 

irrational, 137 

negative, 13 

rational, 137 

real, 137 

Ordinate, 57 

Origin, 57 . 

Polynomial, 10 
Power, 10 
Problems 
historical, 88, 89 
relating to falling bodies, 239, 

240 
relating to geometry, 53, 54, 

91, 200-204, 225, 226, 237 
relating to the lever, 84, 85, 86 
relating to light and heat, 218, 

219 
relating to proportion, 200- 

202 
yielding fractional and literal 
linear equations, 216-219 
ordinary quadratics, 161- 

163 
quadratics solvable by 
factoring, 125-127 
Product, 10 
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Proportion, 194 
fundamental properties, 195 
transformations of, 195, 196 

Pythagorean theorem, 88 

Quadratic discriminant, 166 
Quadratic equations, 122-127, 

157, 164, 171, 227-235 
Quadratic trinomials, 122 

Radical equations, 173-177 
expressions, 137 
sign, 98 

Radicals, simplification of, 
142-144 

Ratio, 194 

Rationalization of denomina- 
tors, 148, 149 

Rationalizing factor, 148 

Root, of an equation, 46 
extraneous, 175 

Roots of numbers, 133-136 
cube, of polynomials, 119 
square, of numbers, 133 
square, of polynomials, 130 

Signs, of agjgregation, 29, 37 
of equality and inequalitj', 
11,166 



Similar surds, 144 
Similar terms, 32 
Simultaneous equations, 62 
Square of binomials. 111, 112 

of polynomials, 117, 118 
Square root, of numbers, 133-136 

of pol>Tiomials, 130-133 
Subtraction of 

dissimilar terms, 29 

fractions, 186 

polynomials, 33 

positive and negative num- 
bers, 20 

similar terms, 31 

surds, 145 
Surds, defined, 137 

equivalent, 146 

similar, 144 
Symbols of operation, 1 

Term, algebraic, 9 
Trinomial, 10 

Variables, 58 

Zero, division, 74 
exponent, 140 
multiplication, 74 
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TO 



KENT'S A FIEST COUESE IN ALGEBEA 



§ 5f pages 2, 5 

4. 10. 6. 2. 6. 21. 7. 12. 8. ^. 9. 380. 10. 80. 

2 

11. 11. 12. 7- 18. -^. 14. 81. 17. 120. 18. 5. 
4 1200 

§ 9, pages 7 to 9 

1. $200; $100. 2. 63; 7. 3. 5. 

4. A, $10,000; B, $5000; C, $15,000. 

5. 16 men; 8 women; 48 children. 6. 12 in.; 24 in.; 36 in. 

7. $48; $16; $16. 8. 420; 140; 70. 9. A =30**; B=60**; 0=90**. 

10. 375 bu. of corn; 1125 bu. of wheat; 1500 bu. of oats. 

11. 54, 782, 608. 

12. N. Y., 4,500,000; Chicago, 2,250,000; St. Louis, 900,000. 

13. Length, 80 rds.; width, 20 rds. 14. BC=AB = 16 in.; AC=8 in. 

16. 40 feet. 16. $300. 

17. Length, 300 feet; width, 160 feet. 18.3200. 19. 8 in. 
20. A, 80 miles; By 20 miles. 

§ i6, pages ID to 12 

1. 24,ifa;=2. 2. 540; 360. 3. 31. 4. 1. 

6. 7. 9. 10. 10. 400. 11. 1382.304. 

13122 
12. 3769.92. 13. 37. 14. -— -• 16. 144. 

Iz5 

16. 1005.312 cu.ft. 17. (a), 0; (6), 0; (c) 2. 18. (a), 0; (6), 19. 



2 ANSWERS 

i 23, pages 17, x8 

5.' (a), 12; (6), 25. 6. (a), 18; (6), 12. 

7. (o), 8 to right; (6), 5 to right. 8. (a), 6 below; (6), 6 above. 

9. +8; +5. 10. -6; +6. 

§ a6, pages 19, 20 

5. (a), -5^ (6), ^-5^ 6. (a), -6%- (6), +5^ 

7.' (a), +127«; (6), +27^ 8. (a), 35%- (6), -5^ 

9. 8 B.C. 10. $1000. 



§ >7i pages 21, 22 

3. (a), 10^ (6), -10^ 4. (a), -2^ (6), +2^ 

6. (a), IS'*; (6), -10^ 6. (a), 27%- (6), -15^ 

7. $1000. 8. $-1000. 9. $1000. 10. -$1000. 
11. -48i. 12. 74^ 13. 74^ -74^ 14. -21°. 
15. 66°. 16. +3Jfeet. 17. 8 miles up; 12 miles down. 
18. 20+4; 20-4. 19. (a), 100 miles per hour; (6), 20 miles per hour. 



§ 32i pages 25 to 27 
21. 5. 22. -5000. 23. -59. 24. 10. 

26. -7. 30. +3°; -2°; -14°. 31. -3°. 32. 2000 years. 

5 

33. -49 or 49 b.c. 34. 1209. 

35. 5° south of the place; —345.8 miles north same place. 

36. 19 yds. behind north goal. 37. 21 ° higher at 7 p.m. 
40. $35. 42. -9. 



§ 38, page 31 

1. -X, 2. o«. 3. 6a«6. 4. Ixy, 5. -\dbc. 

6. 5(x-i/). 7. -3.9 a26*c*. 8. \gi^, 9. IJ s. 10. Il(a-f6). 

11. -6(H-f22). 12. -2(P-^). 13. 3 times angle il. 

14. 15 times 45°. 15. y(7a+6c-36). 

16. ll(-2°). 17. (a+6-c).$5. 18. (a-6-c)(x-j/). 

19. (p-f-9+r)(-m). 20. (a'4-a"4-a'")i?^*. 



ANSWERS 
§ 39f page 3^ 



1. 12x». 
6. -2o6. 
aj-b 
4 

15. 5 times angle B, 16. -ft^/*. 

18. (a'-a'')gt\ 19. (a -6) $5. 



2 -4a*6. 3. -6««. 
7. -(a+6). 8. 2(a;-j/). 

11. ^^^. 12. -3.5cd. 18. x-7. 



4. -fxy. 
9. w+n. 



5. 5mn. 
10. -2(xH-2/). 



14. -Sa*bc; H-8a«6c. 

17. 7 times 30°. 

20. 10^ 



§ 44, pages 35 to 57 



2. 25t^ -41+121^. 
4. igt^+iat^. 
6. -7a6c+96V-fl5acd. 
8. -(a«4-62)4-3(a«-62)+c». 
10. -4x2/. 11. -o*-6o6-6*. 



1. llo«6+10ac*. 

3. -4x*+6x»-15x2+6xH-4. 

5. 5a«6-6xj/-2crf. 

7. 3a*-2a»6+10a26«-}-7o6»+6*. 

9. a2c2-V62-J62c». 

12. -3(x-l)-6(x+2)-3(x-4)+3(x-2). 

13. -x*-3x»v+3xV -3x2/3 _y4. 14. 9a-36+3c-2d!. 

16. 4x2 -4x2/ -1-2/2. 10. 4(a-x)-6(a+2/). 

17. 12a26+3c2x-7o2i/. 18. ll(M-f-v)-(w-«'). 

19. -x2-2x2/-2/2. 20. x«+2x2/+2/*. 21. -2n-p-q, 

22. 6+c-|-d4-c. 23. -x -2/4-2+4. 24. 35°. 

25. (o-l-6 — c) degrees. 26. [x+y-}-2 — (a+6)] dollars 

27. (a+c-h-d) miles. 28. (20+a+b-c) degrees. 

29. (a), (1000-6) feet; (6), (1000-6+c) feet. 

30. |20004-a+c-(1000+64-e)] feet. 



1. 2a -26 -2c. 

5. 5io»62. 

8. 13+lla-26+7c. 



§ 45f page 38 

2. 4a -206. 3. 10ww-6p^. 4. -5a'H-6». 

6. 20-a-}-6-c-3d. 7. 6+5r+l. 

9. 44a-50ii:+42L. 10. -10a +116+ 12c. 



4. -22/2-72/+3. 

8. -10a -6. 
11. 16x2+X2/-72/2. 
14. 4a -82/. 
17. (2a+36-4)x. 



§ 46, pages 39i 4© 

5. n2-n+2. 

9. -5a+36+c. 
12. 2ax-46j/+2c2. 
15. 2a2-13a-223. 



6. 3(a-6). 7. 8(r-s)* 
10. 2w+7n. 
13. 10xV-9a:2/- 
16. (a+c-e)x+(6+d)2/. 



18. (m— w— r)2/+(p— g+O^J- 
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19. (5-o+36-c)(x»-y«). 20. (3-4f)(a-x). 

21. (6-8cd-4)j/-(3ac+4a6+5a-2c)x. 

22. (a+^)x>+(6+c~A:)x«-(c+rf)x. 

2». -(a+26+l)x»-(l+c)x*-(l-6)x. 24. 26; 6+c. 

25. k and 2A;-1; or it and 1. 26. k and k-\-l. 

27. (o), (a-6)+(c-rf); (6), (a«+2a6-f6*)-fc«4-2cd+d»). 

28. (a), (a-6) + (c~d) + (c-/) + ((7-/i); 
(6), _(6.a)-(d-c)-a-e)-(A-(7). 



§ 54f pages 46, 47 

o 13 

1. j/=3. 2. n=4. 8. <=- 4. x^'-j- 6. x=2. 

2 14 

5 

6. y = llt. 7. r=--- 8. i;=32. 9. w= -15. 10. x=5. 

11. x=8. 12. x=-:^- 18. x=7. 14. 2/=4|*. 15.2/=--. 

14 8 

28 7 3 

16. ifc=---- 17. c = — . 18. A;«+l. 19. <=--. 20. x=2. 

31 o4 80 



§ 57i pages 49 to 54 

1. 165; 91. 2. ^; ^. 3. (a), 30, 15; (6), -7. -3. 

96 48 24 

4. 3, 4, 5, 6. 6. y y> y «. 5, 15, 10. 7. 8. 

8. 4, 5, 6, 7, 8. 9. 10", 11", 12", 13," 14". 

10. i^. 1 A. 2«. 4f?, 9ifr inches. 

11. Panama, 49 miles; Suez, 100 miles. 

12. Miss., 3160; Mo., 3100; Amazon, 3300; Nile, 3400 miles. 

13. 1950. 14. 400,002. 15. Width 15 ft.; length 37 ft. 

16. Width, single court 27 ft.; double court 36 ft.; length 78 ft. 

17. 14. 18. John 8i yrs. Henry 22 yrs. 
19. A=52i; B=26i; C=26i. 20. 5 miles; 1 mile; 12 hrs. 

21. 2 mi. per hr. 22. 8f miles. 23. 180 miles. 

24. 1200 miles. 25. $84; $84; $282. 26. $7833|; $7333}; $6833}. 

27. 5250 miles. 28. 143,578. 

29. 1,057,143; 707,143; 707,143; 528,571. 
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80. N. Y., $36,000,000; Michigan, $18,000,000; Chi., $12,00Q,000. 
31. 840,000 miles. 82. o«c = 3.508; ft=4.984. 

88. A =45°. 84. 45°;90**;45^ 
85. a=6; 6=8; c = 10. 86. ^4=36^ 5=54°; C^90\ 

87. A=B = C=60°; o=6=c=4; (Fig. 13), o=6=c=8. 

88. i4=36||°; B=81A°; C=61A°. 89. o=8J; 6 = 121; c^lOJ. 
40. A =40°; B=80°; C=60°. 

§ 66, pages 64 to 66 

1. x=6; y=2. 2. a;=4; 2/=3. 8. a;=6; 2/=3. 

4. x=-6; 2/=5. 6. x=-2if; 2/=2il. 6. f;=5; o = 1.5. 

7. 3 = 10; i; = l. 8. w = 10; «=2. 9. w = l; n = l. 10. t; = 6; <=9. 

35 72 

11. r=-^; s=- — 12. «=25.75; ^ = 12. 18. n' = 17; n" = 7. 

14. — ; '^-^- 15. 50 acres each. 16. 60 children; 190 adults. 

17. Width 40; length 80. 18. 200 men. 19. 145 and 179. 

20. 45 at $1.80; 5 at $3. 21. ^ minutes. 

22. 40 lbs. at 30ff.; 10 lbs. at 40f(. 28. 3j qts. 24. 400 lbs. 

25. Width 160; length 300. 26. 128*; 171? miles. 

27. 3,000,000 sq. miles. 28. 3i lbs. 

29. 800 tons ore; 4800 tons limestone; 14,400 tons coke. 

80. $1600; $2100. 

§ 72, pages 72, 73 

1. x*-y*. 2. 6a*6-2o26»+2a6*+3a»6»-a65-f6«. 

8. l-3r 4-5x2 -3x». 4. 16o-166-fa*6-6». 

6. a«-4o»62+2a*6-2a»-4o»6»+4a»6«-a*-fa«62-a*6-2a6+2a. 

6. m«+6w6n-fl5w*n«+20w»n»+15w«n*-}-6wn«+n«. 

7. x*+2x*2/-}-xV+«V-2/*- 

8. vH^+vH*-'SvH^+^v*+vH*-3vH*-\-4vH+vt^'-Svt^+9t^-l2. 

9. 4x« -Sx^y-Sx*y^+24x*y*-Sx^y* - lSxy^-{-9y^. 

10. _?!^-5^-i?!^..3an3+2a2.. 11. ^--f?^^-£-V^. 

2 4 2 ^ 4 6 9 16 

12. a*»-2a2V-f6*". 18. 3^-2^^ 14. 5^-5".a*-2a2*. 

a* a^ ,3a 1 

15. „,+_-_+_--. 16..,+,.. 

17. -cay'+ady+c'y'-cdy'. 18. x*+x*y'+y*- 19. a^-b^. 

20. o»'+a'6«''-aV+a*V+6"'-6»c*''+a*V +6*^-0". 



ANSWERS 
§ 74f pages 75i 7^ 



1. 5a»6*c. 2. -4m^«. 

6. 9o^6». 7. 9. 
10. a"*. 11. a--*. 
14. 3x^-V-^ 
17. -4m*n». 

19. a2+'-n^x"•-2r)^ 


3. 8xV. 

8. -(x-y)*. 
12. -5a:«-*2/-*. 
16. -m2(x2-2/«)2. 
18. 3a3«-V"-^ 
20. x«~.^^ 

§ 75, page 77 


4. -obK 6. 0. 

9. (a«-6«)«. 
13. -3a~-^c«-^ 
16. 5a»6«. 



1. x^-3xy+3yK 2. 6c-5a62+46«c2. 

3. 4(6»-a»)»4-3(a;«+y«)H-6(m*-n*). 4. (x~-2/«)24.i_(a;«_2^). 

6. -a"*-V-V-^+2a^"V~V'*-^-4. 

6. hnn+2c+4mWcK 7. t;+o^-3a/«. .8. wH-6x""*'+<ia;"*"*. 

10. -10x2/•»-3~x"-V+7x^-'2/-^-2x-V"■^ 

§ 7^1 pages 8o, 8i 

1. m-3. 2. a4-3. 3. Sa^b^-l. 4. 8x-32/. 5. 2/2-y-12. 

6. .-3a. 7.a-a^+3a-5. 8. Rem. ^^^I^. 

e. Rem. W+1926^ ^^ 9m^+6m+l. 

11. a2'»-2a«6»+62n 12. Rem. ^ .. , , - 13. a^+a^b^+b^^, 
14. T+^+l-- 15. 4a*+6a2t;+9i;^ 16. w^-wn+n*. 



4^3 ^9 



17. Rem. -^. 18. a;«4-3. 19. a3p-3. 20. a:*+a:»y4-xV+xy*H-!^*. 





§ 77, page 83 




1. x=7; 2/ = l. 


3. 2 


8. x=6; y = l. 


4. i=5; w^io. 


6. x=-5i; 2/= -8. 


6. w = 1.5; n=-0.08. 


7. x = ll; 2/=5. 


8. r=4; s= —5. 


9. xi = 14; x,=-^. 


10. w=-; n=3. 
2 


11. ro=-10; ri = 1.4. 


12. a: =-2; y=8. 
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13. 3^=41; « = 15#. 14. x=5; 2/=3. 16. 2/=-; «=-9. 

16. n = l; a=-^. 17. x'=^4; v'^^' 1^. x'=6; x"=8. 

3 5 5 

§ 78, pages 83 to 91 

1. 11. 2. N. Y. C. $34i; I. C. $199. 

3. 4f feet from end carrying the 18-lb. weight. 

4. it' =6 lbs.; w" =2 lbs. 6. tr' =2f lbs.; w" = If lbs. 
6. R^25 mi. per hour; dist.=60 miles. 7. 10 ft.; 12 ft. 

8. 109Alb8. 9. 52Albs. 10. SSJlbs. 11. 41} lbs. 12. 83 J lbs. 

13. 31 inches, if OB=36 inches. 14. 29J ft.; 29J ft.; 26J ft. 

15. 55,666} sq.ft. upper lock; 53,666} sq.ft. other locks. 

16. 20 at Gatun; 46 in all. 17. $5,374,500. 

18. Length 20 ft.; width 18 ft. 19. Length 15 ft.; width 2 ft. 

20. 1178^ ft. per second. 21. 15 miles. 22. 9:22} a.m. 

23. < = .9596 of a second. / = 3.25 ft. 

27. 30.33 days. 28. 12 ft. 

29. 3 ft., 9 in. 30. 12. 

31. Horse 7; donkey 5. 32. Length 300 ft.; width 160 ft. 

33. Width 7 ft.; length 20 ft. 34. 20 ft.; 10 ft. 35. 15ft.; 9ft. 

36. 70 children. 37. 12 rds.; 6 rds. 

38. 550 ft.; 1100 ft. 39. 1000 ft.; 650 ft. 40. 14, 16, 26. 

41. Rate 46} miles per hour; distance, 466} miles. 

42. 1|, A's rate; 3, B's rate. 43. 8} rds.; 19 rds. 

44. Length 200 rds.; width 160 rds. 45. o = 30; 6 = 20; c=30. 
46. a=30; 6=20: c=30. 47. 10; 5. 48. a=28; 6=20; c = 12. 
49. 48, 28, 5. 60. A =30**; 5=90**; C=60^ 

§ 103, pages 125 to 127 

1. 9 and 4. 2. 12 ft. and 8 ft. 3. 25 ft. 4. 4|; 6}; lA. 

6. 41}fHcu.ins. 6. 25 miles per hour. 7.20. 8. 36 in. 9. 5 in. 
10. Base 10 in.; alt. 12 in. 11. Base 12 ft.; alt. 8 ft. 12. 15 ft. 

§ i07i page 136 

1. 31. 2. 49. 3. 24. 4. 0.474-f . 6. 0.21. 6. 0.01 

7. 3.952+. 8. 0.0316-f . 9. 0.790+. 10. 1.7320+. 11. 0.816+. 
12. -3.128.- 13. -4. 14. -2.483+. 16. 0.408+. 
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§ zio, pages 130, 140 

10. V72ga6*. 11. 8. 12. 243. 18. 9. 18. 0.0625. 19. 4096, 

20. 432. 21. 2(81)i. 22. (56a:)t. 81. aH«. 82. a»6». 

86. o«6. 89. (a+6)". 40. (o+6)»»(o-6)»". 

§ ii3i pages 143, 144 

1. 2x^V^, 2. d=2wy2^. 7. -5^-^ 10. =t6\/^or 5\/(4)r 
17. 2(o+6)(o-6)V2: 18. =t(x«-2/«)\/a;*-xy+j/«. 

19. =t|- V2. 20. d=5VV5+4. 21. V75. 22. VlsT 

80. VJ^. 81. Vs: 84. y/h, 48. Jx/S: 44. iVST 
46. \<m. 46. 2Vxyix-y). 47. I^Lt^V^TIF. 

48. {a2-6«)V^^^=^. 49. iv^. 60. -^rV^^^. 

0+0 

§ 115, page 145 
1. 32V3: 2. 7^ 3. Q<^. 4. TVs: 

i 122, pages 153 to X55 

26. 18. 27. -^. 28. 2.5. 29. — • 80. 8. 

2 4 

81. --. 82. 1. 83. 1. 34. 4.5. 
4 

40. 2436. 41. 2. 42. a^ 43. 5. 44. -. 

45. J^^^y 46. 4.33. 47. .707+. 48. 108.35. 

49. 4.98. 60. A=-^' 61. .816. 62. 1.414+. 
63. .894. 64. .576-1-. 



ANSWERS 



§ ia6, pages i6o to 164 



1. 8.484 ft. 2. 117.15 

4. 65.2 hre. 6. 14.58 sec. 

8. Length 60; width 30. 9. 10 ft. 



12. 3.53+ feet. 



15. 11.69 ft.; 29.225 ft. 16. lOffperlb. 

18. 5 hrs. 19. 4.33+ hrs. 

20. Length 8 inches; width 6 inches. 

22. 8. 23. +3 or -5. 

26. A, 100; B, 66f. 26. 3.51 ft. 

28. Length, 9.62 in.; width, 4.81 in. 

29. Base 12; area 48. 30. A = 13.856. 



3. B, 10 miles per hour. 
6. 42.6. 7. 3 in. 

10. 20 rds. 11. 3.515 inches. 

13. 567. 14. pJ^^. 

2 

17. 10 ins.; 20 ins. 

after B starts. 

21. Length 10; width 8. 

24. 2, 3, 4, 5. 

27. 211.6+ ft. per sec. 



1. Real, unequal. 
4. Real, equal. 
7. Real, unequal. 
10. Imaginary. 



§ 128, page 168 

2. Real, equal. 
5. Imaginary. 
8. Real, unequal. 



3. Real, equal. 
6. Real, unequal. 
9. Real, unequal. 



§ i33f pages 176, 177 



1. 2/ = 12. 2. s=36. 3. x=44J2 



A 3« 

4..=-. 



6. x = 5. 7. x = 13. 8. a:=9. 
M+26»+6»(l+2a) -2a6+a2 



11. x = 
13. x^2. 



46« 



6. x=6. 
9. x=-lor -6. 10. 2/=6. 
12. y = 149+42\/n. 
14. x=3 or -11. 16. a; = 13. 







§ 141, page 186 


1. a+6+^. 




2.a-6 ^:,. 
a+6 


4. x^-\-»y-v\ 




6. a«-a6+62. 


7. a»+2oft+6«+^- 


8. 9a»+12o62+l66*. 


«. x*-xy+y^- 




10. x^-xy+y\ 



TTTT' 3. x^y- 



2y^ 
x-y 



6. r+ 



r-p 



10 



ANSWERS 



12. 



16. 



18. 



2(m'-fl) 

5w* -2mn+n» -8m-f8n 



§ 142, pages 188, 189 
10. 5^5^. u. 



4(m-n)» 
28/4-1 
2(4(«-l)' 

a(fl-hl3) 
(a4-l)(4a*-l)* 



13. 



l-2y 



16. %3j. 

a* — 1 



19. 



a^-13H>4o 
2(a*-l) • 



17. 



20. 



ar«4-l 



^ 6(w«-l) * 
x*-{-x*y—xy 

2o«--9g+44 
a»+64 ' . 



1. 

6 
10 
15 



6m' 
g 
• a-6* 
3(a-fe) 
26(a-|-6)* 
fnn(m— 4n) 



§ 145. pages, 190, 191 
9a... Z.'-^. 4. 



J/' 



m— 7 



7. x(x+l/). 8. ^. 9. ^. 



11. 



6«-8 



(w4-n)(w2-}-n2) 
405 
^^- 128^»* ^^ W-qKb^+b^+by^+y') 



(6_2)(8-6») 



12. 1. 13. 1. 



lA 25000 o»x 

243c« * (a*-a262+64)2 



20. ^-^^ 
y+x 



i i54i pages 200 to 202 

1. 2f and SJ. 2. 6OII ft. 

3. 18 in.; 27 in.; 36 in. 4. 8; 12. 

5. $12 and $18. 6. 6j ft. from end which holds the 60-lb. boy. 

7. 18} in. from end supporting the 6-lb. weight. 

8. 16.914; 20.715; 25.371. 9. 12; 14. 10. 24; 36; 48. 
11. 20. 12. J- 18. 300ft. 

§ i55i pages 205, 206 

23. x(x^-xy+y^); j/(x«-x2/4-J/*) gals, respectively. 24. $80; $120. 
26. 20 ft.; 30 ft. 26. 11.18 inches. 27. 8 = idV2; d^aV^^ 

28. « = 10 V2"= 14.14+. 29. d = 12\/2; or 16.968+. 

31. /i=4; «=|\/3. 

k+n 



30. ^V3; a^ea=^^/3: 
2 4 

32. /i=aV3; s = 2a. 



33. p—q. 



84. 



k-n 



ANSWERS 11 



xy* 2a' — 1 

381 -^. 39. 4V6. 40. IVS+VS. 

— 1 

§ 159, pages 209 to 21X 

1. aj = 15. 2. x=-3. 3. /i=2. 4. ti=5. 5. 2/ = l. 

6.6-12. 7. ik = 13. 8. a;=0. 9. x-5. 10. 2/=-6f 

11. a; -65. 12. J/--1. 14. r = f*; ««¥. 16. w = i; « = }. 

16. x-1; y=-l. 17. X--23A; 2/=-l(>A. 

18. x=6. 19. 1;= A. 20. 2/=3; z=-5. 

§ 162, pages 213 to 215 

1. x=2a. 2. J/ = ^^£^- 3. y= otc. 

. a+6 a—b _ «+d . «— d ^ a+c , a— 2c 
4. x=^-; 2/ = -2- 6. n=-2-; n'=^-. 6. e^-g-; *^ 3— . 

/4-c nf—me 

ek—ek^ e'k—ek 

13. x=-_p^; 2,=^. 14. r-^,^^,3^. 16. J/ =^3^- 

16. <=-7^=fc ^^l"^^^^ ' 17. No solution. Why? 

2^ 2^ 

22. s-o. 23. y^-lor~' 

01 „_ . V8«+(2o+d-l)'-2o-d4-l «. ,_a6-l 
24. n-± ^ 26. a:-;^^qp^. 

26. (a) r=^; (6) r=^. 27. (a) s = J; (6) a=-i 

28. r=— 7^ 29. n= 77- 30.0=^5 

Cn e — Cr 2--n 



12 ANSWERS 



P'F" 



81. P"=^;;-. S2. fi* 



^/y^^//^_|_^/^ 



*•• ^ a€4-l' ^ a€+l •*• ^ 6CH-4A;' ^ 56-4<i 

§ z63i pages ai6,'2Z7 

^ «+d s—d ^ a+d o— ci _ mc . ^ nc . 

d - on(o4-fe) 

a4-6 on— a* 

6. 10.76+ miles from Oklahoma City. 7. 9ifir miles. 8. 5} days. 
9. 48. 10. 44 and 45. 11. 26 yrs. 12. 90 miles. 13. 3 and 4. 
14. 4125+ sq. in. 16. 782f ft. 16. 8492. 






§ 164, pages 218 to 220 



2. 3.23 miles. 8. 34.14 ft. 4. 6.83H-ft. 



6. 5.06+ ft. 6. 606,060.6 H.P. 7. 5 ft. 5 in. 8. 2043.8+ ft. 
11. 480 miles. 12. 90 miles. 13. 1} and 3} miles per hour. 

14. 120 ft. 16. 75 words per minute. 16. x = 16. 

17. 8". 18. 189.57 ft. 19. 6.275 miles; 16.275 miles; 17.45 miles. 

§ 167, pages 225, 226 

1. 25; 35; 65. 2. a=25; 6=23; c = 18. 3. 171; 17i; 25. 

4. 331°; 33^; 112^. 6. A =79°; 5=62°; C=39°. 6. 5; 15; 25. 
_ a+6— c a—h+c b+c—a o ^r. r^ 1 .^ 

7. ^=^-^2~' ^""~2 — ' ^^~2~' ^' 40, 20, and 10. 

9. A=73i°; 5=63§°; C=43J°. 10. d = 12in.; 6 = 16 in.; Z = 20in. 

§ 170, pages 229, 230 

1. Z = 8 ft; u; = 6 ft.; d=-2 ft. 2. Z=30 ft.; w; = 10 ft. 

8. i = 100 ft.; w; = 50 ft. 4. 2 and 3. 6. 6 and 2. 

i 171, page 231 

1. a; = ±5; y^zt4. 2. s = =tl; / = ±2. 

3. n = ±2; w = ±3. 4. 5 and 13. 5. 6 and 8. 



ANSWERS 13 

§ 176, page 237 

1. 16 and 12. 3. 3 and 5. 4. 15 and 11. 6. 6 and a 

6. 9 and 4. 8. 3.97. 9. 10 and 6. 

10. (a) 3 from end of leg 3; 2 from end of leg 4. 
(6) Mid-point of h3rpotenuse. 

§ 177. pages 238, 239 



1. 35 ft. 2. 15, 20, and 25. 


8. 4 and 5. 


4. i or 1. 6. / «20 yds.; ti; = If yds. 


6. 1,2, and 3. 


7. 4 rds. 8. 10 rds. 


9. 12.649 ft.; 6.3246 ft 


^0. 15 ft.; 8 ft. 





i 178, pages 239, 240 

1. 787.92 ft. 2. 2598 ft. 3. 2887.92 ft. 

4. 0.522"; also 11.9". 6. 402 ft. 6. 188 ft. per sec. 

7. 5.955 times farther on earth. 

8. 75,248 ft. earth; 448,148+ ft. moon. 

9. 2315.52 ft. 10. 4.2 ft. 



This textbook may be borrowed for 
two weekSj with the privilege of renew- 
ing it once. A fine of five cents a day is 
incitrred by failure to return a book on 
the date when it is due* 

The Education Library is open from 
g to 5 daily except Saturday when it 
closes at 12,30, 





